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ABSTRACT

Diffusion tensor image (DTI) is a powerful tool for quantitatively assessing the integrity of anatomical connectiv-
ity in white matter in clinical populations. The prevalent methods for group-level analysis of DTI are statistical
analyses of invariant measures (e.g., fractional anisotropy) and principal directions across groups. The invariant
measures and principal directions, however, do not capture all information in full diffusion tensor, which can
decrease the statistical power of DTI in detecting subtle changes of white matters. Thus, it is very desirable to
develop new statistical methods for analyzing full diffusion tensors.

In this paper, we develop a set of toolbox, called RADTI, for the analysis of the full diffusion tensors as
responses and establish their association with a set of covariates. The key idea is to use the recent development
of log-Euclidean metric and then transform diffusion tensors in a nonlinear space into their matrix logarithms
in a Euclidean space. Our regression model is a semiparametric model, which avoids any specific parametric
assumptions. We develop an estimation procedure and a test procedure based on score statistics and a resampling
method to simultaneously assess the statistical significance of linear hypotheses across a large region of interest.
Monte Carlo simulations are used to examine the finite sample performance of the test procedure for controlling
the family-wise error rate. We apply our methods to the detection of statistical significance of diagnostic and
age effects on the integrity of white matter in a diffusion tensor study of human immunodeficiency virus.

Keywords: Covariate, diffusion tensor, log-Euclidean norm, regression, score statistic.

1. INTRODUCTION

Statistical analysis of diffusion tensor measures (e.g., invariant measures, eigenvalues, eigenvectors) can quanti-
tatively assess the integrity of anatomical connectivity in white matter in the human brain in vivo (see Refs. 1,
2, 3 and 4). The simple use of invariant measures and principal directions, however, will significantly decrease
the statistical power of imaging studies in detecting subtle changes of white matters. Statistical analyses of full
tensors are expected to maximize our power of using diffusion tensor imaging in making valid scientific conclu-
sions about the population under study. An appropriate statistical analysis of diffusion tensors is important for
understanding normal brain development, the neural bases of neuropsychiatric disorders, and the joint effects
of environmental and genetic factors on brain structure and function. In addition, any statistical method for
full diffusion tensors can be directly applied to the positive-definite strain matrices in computational anatomy
to understand shape variation between structural brain images; see, for example, Refs 5 and 6.

Because diffusion tensors are in a nonlinear space, it is theoretically and computationally difficult to develop
a formal statistical framework, including estimation theory and hypothesis testing, for using a set of covariates to
directly predict diffusion tensors as responses. One may ignore the positive definite constraint of diffusion tensors
and then directly apply classical multivariate regression to studying the association between diffusion tensors
and covariates. This method, however, is not adequate in practice. For instance, Ref 7 points that the simple
use of the empirical average of diffusion tensors can lead to a swelling effect in imaging processing. Moreover,
even when diffusion tensors are regarded as points in the nonlinear space, the existing statistical methods can
only compare differences between the means of the two (or multiple) groups of diffusion tensors (see Refs. 8
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and 4). For instance, Schwartzman 8 has developed several parametric models for diffusion tensors and derived
distributions of several test statistics for testing differences in two groups of diffusion tensors.

Due to the recent development of a novel log-Euclidean metric in Ref. 9, we can transform diffusion tensors
in a nonlinear space to their matrix logarithms in a Euclidean space. We develope a regression model with the
log-transformed diffusion tensors as responses. Our regression model is based on a semi-parametric method,
and thus it avoids specifying parametric distributions for random log-transformed diffusion tensors. We propose
an inference procedure to estimate the regression coefficients in this semi-parametric model. We develop score
statistics to test linear hypotheses of unknown parameters and develop a test procedure based on a resampling
method to simultaneously assess the statistical significance of linear hypotheses across a large region of interest.
We examine the performance of the estimation and test procedures using real imaging data. Our results show
that compared with invariant measures and principal directions, full diffusion tensor is more sensitive in revealing
the disruption of the integrity of white matter.

2. THEORY

Suppose we have n diffusion tensors, denoted by Di, i = 1, · · · , n, from a corresponding voxel in the spatially
normalized and reoriented diffusion tensors images of n subjects. Subsequently, we obtain the log-tranformation
of Di, denoted by log(Di) = (Ldi

(j,k)), and a six-dimensional vector

Ld,i = [Ldi
(1,1), Ldi

(2,2), Ldi
(3,3), Ldi

(1,2), Ldi
(1,3), Ldi

(2,3)]
T ,

where Ldi
(j,k) denotes the (j, k)th element of the matrix logarithm of Di. For each subject, we also observe a set

of clinical and behavioral variables, such as age and gender.

2.1 Model

For the log transformed diffusion tensors, we consider a linear model given by

Ld,i = βxi + εi for i = 1, · · · , n, (1)

where βT = [β1, · · · , β6] is a p × 6 matrix representing regression coefficients and

εi = [εi
(1,1), ε

i
(2,2), ε

i
(3,3), ε

i
(1,2), ε

i
(1,3), ε

i
(2,3)]

T

is a 6 × 1 vector of measurement errors such that

E[εi|xi] = 0 and Cov[εi|xi] = Σ, (2)

where E[·|xi] and Cov[·|xi], respectively, denote the conditional expectation and covariance of εi given xi and Σ
is a 6 × 6 positive definite symmetric matrix. In addition, xi is a p × 1 vector containing clinical variables. For
instance, if we want to compare two groups A and B, then we can set xi = (1, δA)T , in which 1 corresponds to
intercept and δA is an indicator variable for group A. Specifically, in this case, model (1) can be written as

Ld,i =

⎛
⎜⎝

β1,1 β1,2

...
...

β6,1 β6,2

⎞
⎟⎠

(
1
δA

)
+ εi, (3)

where βk,1 for k = 1, · · · , 6 are intercepts and βk,2 for k = 1, · · · , 6 correspond to the differences between groups A
and B in each of components of Ld,i. Similarly, if we are interested in the changes of diffusion tensors across time,
then we can put age into xi. Compared with general linear models, model (1) based on the conditional mean and
covariance of εi avoids assuming the distributional assumption of imaging measures. It is particularly desirable
for the analysis of log-transformed diffusion tensors, because the distribution of Ld,i may deviate significantly
from multivariate Gaussian distribution.
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Let θ be a (6p+21)×1 vector of all unknown parameters contained in β and Σ. We estimate θ by maximizing
an objective function given by

�n(θ) = −0.5
n∑

i=1

{log |Σ| + (Ld,i − βxi)T Σ−1(Ld,i − βxi)}. (4)

Let ∂θ = ∂/∂θ denote the first partial derivative with respect to θ. Maximizing �n(θ) is equivalent to solving
estimating equations ∂θ�n(θ) = 0, which can be written as

0 =
n∑

i=1

(I6 ⊗ xi)Σ−1(Ld,i − βxi), (5)

0 = Σ − n−1
n∑

i=1

(Ld,i − βxi)(Ld,i − βxi)T , (6)

where ⊗ denotes the cross product between two matrices. Therefore, by solving ∂θ�n(θ) = 0, we can develop an
iterative algorithm as follows:

In Step 1, we calculate the least squares estimator β̂T
(0) = (

∑n
i=1 xixT

i )−1
∑n

i=1 xiLT
d,i and then we substitute

β̂(0) into (6) to get Σ̂(0) = n−1
∑n

i=1(Ld,i − β̂(0)xi)⊗2, where a⊗2 = aaT for a vector a. Set t = 1.

In Step 2, we solve β̂(t) from (5) with Σ = Σ̂(t−1), and then update Σ̂(t) = n−1
∑n

i=1(Ld,i−β̂(t)xi)⊗2 according
to (6).

In Step 3, we increase t = t + 1 and go back to Step 2. The algorithm stops until the absolute difference
between consecutive θ̂(t)s is smaller than a predefined small number, say 10−4.

2.2 Hypotheses and Test Statistics

In real applications, it is common to test linear hypotheses of β in order to answer various scientific questions
involving a comparison of diffusion tensors across two (or more) diagnostic groups or the changes of diffusion
tensors across time. See, for example, in Refs. 6, 8 and 4. We can formulate these questions as testing linear
hypotheses of θ as follows:

H0 : RβV = b0 vs. H1 : RβV �= b0, (7)

where βV = [βT
1 , · · · , βT

6 ]T is a 6p × 1 vector, R is an r × 6p matrix of full row rank and b0 is an r × 1 specified
vector. For instance, if we want to compare diffusion tensors between groups A and B in model (3), then we
have

R =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

and b0 = 06, (8)

where 06 is a 6 × 1 vector of zeros.

We test the null hypothesis H0 : RβV = b0 using a score test statistic Sn defined by

Sn = ∂μLn
T Î−1

μμ∂μLn, (9)

where μ = RβV , ∂μLn = n−1/2
∑n

i=1 Ui,μ(θ̃) and Îμμ = n−1
∑n

i=1[Ui,μ(θ̃) − Uμ(θ̃)][Ui,μ(θ̃) − Uμ(θ̃)]T , in which
Uμ(θ̃) =

∑n
i=1 Ui,μ(θ̃)/n and θ̃ maximizes �n(θ) under the linear constraints RβV = b0. Solving θ̃ can be done

using the Lagrange multiplier method. Exact formula for ∂μLn can be found in Ref. 10. Particularly, Îμμ

is an estimator of the covariance matrix of ∂μLn and Î−1/2
μμ ∂μLn is approximately a Gaussian random vector

having a zero mean vector and an identity covariance matrix under H0,μ. Thus, the statistic Sn is approximately
distributed as χ2(r), a chi-square distribution with r degrees of freedom (see Ref. 11).
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2.3 Test Procedure

In neuroimaging studies, we are often interested in testing the null hypotheses in all voxels d of the region D
under study. In the following, we will introduce voxel d into all mathematical notation, if necessary. To control
the family-wise error rate, we consider the maxima of the score test statistics, defined by Sμ,D = maxd∈DSn(d).

To use Sμ,D as test statistics, we need to know its distributions under the null hypothesis across all voxels
of the relevant region. We present a test procedure that is based on the resampling method to approximate
the distribution of Sμ,D (see Refs. 10, 12 and 13). This procedure is essentially a wild bootstrap method for
hypothesis test. The test procedure is implemented as follows:

Step 1: At each voxel d, calculate the score test statistic Sn(d) given in (9), and then compute Sμ,D =
maxd∈DSn(d);

Step 2: Generate a random sample {η(s)
i : i = 1, · · · , n} from the distribution F , which is defined by η

(s)
i = ±1

with equal probability.

Step 3: At each voxel d of D, calculate

Sn(d)(s) = ∂μLn(d)(s)T [Ĩμμ(d)]−1∂μLn(d)(s)

and then compute S
(s)
μ,D = maxd∈DSn(d)(s), where

∂μLn(d)(s) = n−1/2
n∑

i=1

Ui,μ(θ̃, d)η(s)
i and Ĩμμ(d) = n−1

n∑
i=1

[Ui,μ(θ̃, d)]⊗2.

Step 4: Repeat Steps 2-3 S times to obtain {S(s)
μ,D : s = 1, · · · , S}. Finally, the p value of Sμ,D is approximated

by

pμ,D = S−1
S∑

s=1

1(S(s)
μ,D ≥ Sμ,D).

If pμ,D is smaller than a pre-specified value α, say 0.05, then we reject that the null hypothesis H0 : RβV = b0

holds across all voxels of the region D.

Step 5: Calculate the p−value of Sn(d) at each voxel d of the region according to

p(d) ≈ S−1
S∑

s=1

1(Sn(d)(s) ≥ Sn(d)).

Step 6: Calculate the corrected p−value of Sn(d) at each voxel d of the region using

pD(d) ≈ S−1
S∑

s=1

1(S(s)
μ,D ≥ Sn(d)).

We note several advantages of using the resampling method in the above test procedure. Computationally,
the above procedure only requires the computation of Ûi,μ(θ̃, d) once and the repeated calculation of Sn(d)(s).
Thus, because the permutation method involves refitting the model for each simulated data, the proposed test
procedure is computationally much more efficient than the permutation method. Moreover, permutation methods
require ”complete exchangeability” condition, which is a very strong assumption particularly in the presence of
clinical variables as pointed out by Refs. 10 and 14.
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3. HIV DTI DATA

We assess the integrity of white matter in human immunodeficiency virus (HIV). White matter is one of the three
main solid components of the central nervous system (CNS) and is composed of bundles of myelinated nerve cell
processes (or axons), which connect various gray matter areas (the locations of nerve cell bodies) of the brain
to each other, and carry nerve impulses between neurons. The white matter is important for passing messages
between different areas of gray matter within the CNS. After initial HIV infection, the virus is detectable in the
CNS before antibodies are detectable in the blood and HIV could be cultured from brain tissue as early as fifteen
days (see Refs. 15). Since DTI can detect the subtle disruption of white matter structural integrity by assessing
the degree to which fiber tracts within the white matter have lost their directional organization (see Refs. 1, 2,
3, 16 and 17), DTI may be an important tool for detecting the early CNS HIV involvement.

We applied our statistical methods to assess statistically significant effects of diagnosis and age on the integrity
of white matter in a cross-sectional study of human immunodeficiency virus (HIV). This dataset has 29 HIV+
subjects (21 males and 8 females; age mean: 40.0, SD: 5.6 years) and 18 healthy (9 males and 9 females; age
mean: 41.2, SD: 7.4 years) controls. Diffusion-weighted images and T1 weighted images were acquired for each
subject. Diffusion tensor acquisition scheme includes 18 repeated measures of six non-collinear directions, (1,0,1),
(-1,0,1), (0,1,1), (0,1,-1), (1,1,0), and (-1,1,0) at a b-value of 1000 s/mm2 and a b=0 reference scan. Forty-six
contiguous slices with a slice thickness of 2 mm covered a field of view (FOV) of 256 mm2 with an isotropic
voxel size of 2 × 2 × 2 mm3. High resolution T1 weighted (T1W) images were acquired using a 3D MP-RAGE
sequence. A weighted least square estimation method as investigated in Refs. 2 and 18 was used to construct
the diffusion tensors.

The normalization of DTIs of different HIV individuals is completed by a recently developed DTI registration
algorithm (See Ref. 19) which uses regional tensor distribution information and local boundaries, both extracted
directly from the tensors, to hierarchically guide the alignment of DTIs. This is in contrast with conventional
methods which typically compute regional and edge information based on tensor scalar maps, which might not
necessarily reflect the actual tensor information. In our method, for each voxel, the statistical measures such
as mean and variance are computed in various neighborhood sizes to extract multiscale tensor information.
Edge boundaries are obtained by an extended Canny edge detector which works directly on the tensors. Then
distinctive features are selected hierarchically as landmark points to guide the registration. The performance of
this method has been compared with others (See Refs. 20 and 21 ), indicating better performance in estimating
simulated brain deformations and atrophies (See Refs. 19 and 22).

Fractional anisotropy (FA) calculated from DTIs is widely used as measurement to assess directional organi-
zation of the brain which is greatly influenced by the magnitude and orientation of white matter tracts. However,
FA measures do not capture all information in full diffusion tensor and thus can decrease the statistical power in
detecting subtle changes of white matters. To demonstrate the advantage of the analysis of the the full diffusion
tensors as response versus the analysis of the FA as responses, we implemented two analyses in which applied
the semiparametric model described above at each voxel for full diffusion tensors and general linear model for
FA measures respectively. In the first analysis, full diffusion tensors were treated as response and we considered
model (1), in which xi = (1, δHIV , age, gender)T , at each voxel, where δHIV equals 1 for HIV+ and 0 for Healthy
control and gender equals 1 for female and 0 for male. Here, R is a 6 × 24 matrix and b0 = (0, 0, 0, 0, 0, 0)T for
the hypotheses on either diagnosis or age. In the second analysis, FA measurements were treated as response
and xi = (1, δHIV , age, gender)T was still considered as covariates in the general linear model. Standard analysis
was performed to detect the statistical significance of diagnosis or age.

The uncorrected p-values based on the score test statistics for diagnostic effects were color-coded at each
voxel in white matter area of the reference brain for two analyses respectively (Fig. 1(a) and (b)). To correct for
multiple comparison, we applied our test procedure to calculated the adjusted p-value pD(d) map (Fig. 1(c) and
(d)). Color-coded maps of p-values using either the uncorrected p(d) alone or the corrected pD(d) indicated the
different performances of these two analyses. The analysis in which full diffusion tensor used as response provides
more information and has stronger statistical power for detecting the disruption of white matter integrity in HIV
individuals compared with that based on FA (Fig. 1(b) and (d)). Similarly, color-coded maps of p-values using
either the uncorrected p(d) alone or the corrected pD(d) for age effect were calculated for both analyses (Fig.
2). The advantage of using full diffusion tensor as response to detect the subtle changes of white matters. More
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Figure 1. Diagnostic effect results from HIV+ data set. Panels (a) and (c) present color-coded maps of raw (a) and
adjusted (b) − log10(p) values in a selected ROI of the template when modeling FA as response variable. Panels (b)
and (d) present color-coded maps of raw (b) and adjusted (d) − log10(p) values in a selected ROI of the template when
modeling full diffusion tensor as response variable.The color scale reflects the magnitude of values of − log10(P ) with black
to blue representing smaller values (0-1) and red to white representing larger values (1.88-3).

Figure 2. Age effect results from HIV+ data set. Panels (a) and (c) present color-coded maps of raw (a) and adjusted (b)
− log10(p) values in a selected ROI of the template when modeling FA as response variable. Panels (b) and (d) present
color-coded maps of raw (b) and adjusted (d) − log10(p) values in a selected ROI of the template when modeling full
diffusion tensor as response variable.The color scale reflects the magnitude of values of − log10(P ) with black to blue
representing smaller values (0-1) and red to white representing larger values (1.88-3).

regions are identified as significantly regions for the age effect when full diffusion tensor were treated as response
(Fig. 2(b) and (d)). We also chose a single voxel and used an ellipsoid representation to display diffusion tensors
for all subjects (Fig. 3). We observed the difference of age trend between two groups.

DISCUSSION

We have developed a general statistical framework for the regression model of log-transformed diffusion
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Figure 3. Ellipsoid representation of diffusion tensors from a single voxel to illustrate significant effects of age.

tensors and their association with a set of covariates. The regression model proposed here avoids any parametric
assumptions regarding log-transformed diffusion tensors. We have examined our estimation and test procedures
for carrying out statistical inference using simulated data and neuroimaging data. We expect a great clinical
application of this novel statistical technique. A toolbox for implementing RADTI is available upon request and
a complete version will be released on http://www.nitrc.org/ soon.
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