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Abstract

A$ne-invariant feature vector (Ip and Shen Image Vision Comput. 16 (2) (1998) 135}146), that captures both local and
semi-local geometric features around each point of the object boundary is applied here for the detection of skewed
symmetries. Based on the a$ne-invariant shape representation, the problem of detecting symmetry axes has been
formulated as a problem of detecting lines, with known orientations, in a local similarity matrix of an object. Since the
feature vector extracts su$cient local and semi-local shape information for every point along the object boundary, the
process of checking symmetric point pairs is thus robust against both noises and deformations. Moreover, our technique
is able to detect all the local re#ectional symmetries contained in the object. Various experimental results have shown the
robustness and e!ectiveness of our method in detecting skewed symmetries from both self-symmetric objects and
generalized objects. � 2001 Pattern Recognition Society. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Symmetry identi"cation is a useful means for ana-
lyzing and recognizing objects, since many objects in
both the man-made world and nature exhibit some de-
grees of symmetry [1]. Skewed symmetry is the type of
pattern that usually emerges when viewing a symmetric
planar shape obliquely. Usually, the term is restricted to
orthographic viewing directions, and the distribution
induced by projection can be modeled by a 2D a$ne
transformation. The problem of detecting skewed sym-
metries has received a lot of attentions in machine vision
literature, since symmetric feature was understood early

on that the presence of such cue helps in performing
a wide variety of tasks such as grouping, deprojection,
and object recognition [2,3]. Also, based on the sym-
metry of an object, human beings can infer its structure
and estimate its pose (orientation and positions) in the
3D space, even when certain parts of the object are lost or
occluded.
Rotational symmetry and re#ectional symmetry

are two commonly studied forms of symmetries. In
[4], we have established the relationship between re#ec-
tional symmetry and rotational symmetry, that is, the
number of re#ection-symmetric axes is either zero or
K for any rotationally symmetric image with K folds,
where K*1.
The detection of skewed symmetries has been investi-

gated by many researchers in the past [5,6]. Based on the
nature of the features extracted from a shape, the existing
methods for symmetry detection can be roughly classi"ed
into two general approaches [5], namely, global versus
local approach. Global approach considers the entire
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contour when "nding the axes of skewed symmetries,
examples of this approach can be found in [2,5].
Local approach uses locally de"ned distinctive features,
such as local invariants computed at a single point on the
curves [1,7], or methods that statistically compare pairs
of contour points [8,9]. The advantage and disadvantage
associated with local versus global approach is well re-
ported in the computer vision literature: local approach
can work even when certain parts of the curves are
occluded or missing, while the global approach in
general severely su!ers from occlusion. Global approach
is insensitive to noise, while local approach is unstable
and sensitive to noise unless a multi-scale approach is
adopted [10]. Representation of object contour by B-
spline is one of the methods for restraining noises [11].
In addition, the amount of local information is insu$-
cient for robust matching. To overcome some of the
disadvantages relating to both global and local ap-
proaches, Sato and Cipolla [12] proposed integral in-
variants based on group invariant parameterisation.
They show that integral invariants do not su!er from
occlusion problem and are less sensitive to noise than
di!erential invariant.
In our previous work [4], we developed a close-form

solution, based on the generalized complex (GC) mo-
ments [13], to detect the global symmetric axes for both
re#ectional and rotational symmetries. The major results
of this work are that we developed (a) theorems that
allow us to determine whether an input shape is symmet-
ric or not; (b) algorithms that detect the axes of symmet-
ries; and (c) a constraint relationship that link the num-
bers of re#ectional and rotational symmetries. Since GC
moments provide a global description of a shape, this
approach is unsuitable for detecting the axes of local
symmetry (or skewed symmetry) and is also sensitive to
occlusion or missing parts.
Separately, our work on a$ne invariant active contour

[14] yields a new area-based shape representation
scheme which is a$ne invariant as well as able to capture
both local and global shape characteristics. Based on this
new shape representation, we formulated an a$ne invari-
ant active contour model (which we call AI-snake) for
a$ne invariant model-based segmentation [14]. The ap-
proach has also been applied to the retrieval of shapes
[15]. Given the ability of the a$ne invariant shape rep-
resentation developed in [14] to capture both local and
semi-local shape characteristics, it opens up the possibili-
ty of applying it to skewed and local symmetry detection.
In this paper, we develop techniques for the detection

of both local and global symmetries and skewed symmet-
ries, using the a$ne invariant representation developed
in [14]. Based on this representation, the detection of
skewed symmetries is simpli"ed as a procedure of detect-
ing lines, with known orientations, within a local sim-
ilarity matrix of an object. Compared to the symmetry
detection technique that is based only on local invariant

[1], our method is robust against noise and deformation,
because of the combined utilization of both local and
semi-local a$ne invariants.
The paper is organized as follow. The formulation of

an area-based shape representation and the de"nition of
a feature vector that is able to capture both local and
semi-local shape features are brie#y reviewed in Section
2. Based on this de"nition, section 3 describes our ap-
proaches for detecting skewed rotational and re#ectional
symmetries. The proposed approach can detect the ac-
tual fold number and all the axes of rotational symmet-
ries for the rotationally symmetric shapes, even severely
corrupted. Also in section 3, a similar approach for the
detection of all (global or local) axes of re#ectional sym-
metries is presented. A rich number of experiments on
detecting skewed symmetries are given in Section 4. This
paper concludes in Section 5.

2. An a7ne invariant area-based feature vector

In the followings, we will review our development of an
a$ne invariant feature that will form the basis for our
detection of skewed symmetries.
The contour of image object C can be represented

by a parametric equation r(t)"[x(t), y(t)]�, where t is
the parameter and r(t) is a column vector. Both t

�
and

t
�
used in the following are also the parameter of the

contour. r� (t) and rK (t) are the "rst and second derivatives
of the contour. Their de"nitions are

r� (t)"[x� (t) y� (t)]�"�
dx(t)

dt

dy(t)

dt �
�
,

rK (t)"[xK (t) yK (t)]�"�
d�x(t)

dt�

d�y(t)

dt� �
�
.

Under general a$ne transformations, the following three
expressions are relatively invariant,

�(r(t)!r(t
�
)) (r(t)!r(t

�
))�, �(r(t)!r(t

�
)) r� (t)�,

�r� (t) rK (t)�

where � ) � denotes determinant of matrix. That is, their
values remain unchanged up to a factor that only de-
pends on the parameters of the a$ne transformation
applied. This factor is actually the determinant of the
a$ne transformation. In this paper, we will use

1

2
�r� (t) rK (t)�"

1

2
(x� (t)yK (t)!xK (t)y� (t))

to establish a relatively-a$ne-invariant feature vector for
every point along the object boundary.
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The "rst and second derivatives of x(t) and y(t) with
respect to t can be approximately written as

x� (t)"
dx(t)

dt
�

x(t)!x(t!�t)

�t

xK (t)"
d�x(t)

dt�
�

x(t)!2 ) x(t!�t)#x(t!2 ) �t)

�t ) �t

y� (t)"
dy(t)

dt
�

y(t)!y(t!�t)

�t

yK (t)"
d�y(t)

dt�
�

y(t)!2 ) y(t!�t)#y(t!2 )�t)

�t ) �t

Using the above approximations, we can obtain

1

2
�r� (t) rK (t)��

1

2 �
x(t!2 ) �t) x(t!�t) x(t)

y(t!2 ) �t) y(t!�t) y(t)

1 1 1 �.
The above expression indicates that the value of
�
�
�r� (t) rK (t)� denotes the area of a triangle, formed by three
vertices (x(t!2 ) �t), y(t!2 )�t)), (x(t!�t), y(t!�t))
and (x(t), y(t)).
In fact, the area of any triangle is relatively a$ne

invariant and the ratios of such areas are a$ne invariant:

area
�� ��� ���

"

1

2 �
x(t

�
) x(t

�
) x(t

�
)

y(t
�
) y(t

�
) y(t

�
)

1 1 1 �,
where area

�� ��� ���
is the area of a triangle, whose three

vertices are (x(t
�
), y(t

�
)), (x(t

�
), y(t

�
)) and (x(t

�
), y(t

�
)).

Accordingly, an a$ne-invariant feature vector can be
designed for every feature point of the given contour. Let
�(x

�
, y

�
), (x

�
, y

�
), . . . , (x

�
, y

�
)� be the set of feature points

representing the given shape C in a particular scale.
These feature points can be extracted from the sample
points, which are evenly distributed along the azne-
length shape boundary [1]. To make the feature points
robust against noises, we take the same number of points
from both sides of a sample point and average them to
obtain a feature point. For the i-th feature point (x

�
, y

�
),

its corresponding feature vector is de"ned as

F
�
"[ f

��
f
�� 2

f
��
]�,

where f
��

"

1

2 �
x
�����

x
�

x
�����

y
�����

y
�

y
�����

1 1 1 � is the area of a triangle

formed by (x
�����

, y
�����

), (x
�
, y

�
), and (x

�����
,y

�����
), and

[i#j]"(i#j)%N, [i!j]"(i!j#N)%N. The size
of M in e!ect determines the sampling resolution of the
curve for our representation. As to f

��
, if j is close to 1,

f
��
denotes local feature, i.e. f

��
(for small j) extracts in-

formation of local shape centered on the point (x
�
, y

�
),

which is sensitive to noise. As j increases, f
��
gradually

captures the semi-local features of the curve, i.e. f
��
ex-

tracts low frequency (smooth) information of the shape,
which is less sensitive to digitization noise. Therefore,
F
�
captures both local and semi-local information

around the i-th feature point of the curve.
Furthermore, F

�
can be made a$ne invariant by the

following normalization:

FK
�
"

F
�

��
���

��
���

� f
��
�
,

where FK
�
"[f K

��
f K
��
. . . . f K

��
]�.

Thus, the contour of an object, C, can be described by
a set of a$ne-invariant feature vectors,

�FK
�
, i"1, 2, . . . ,N�.

In the following, we will propose techniques for detecting
skewed symmetric axes based upon them.

3. Detection of skewed symmetries: problem formulation

3.1. Properties of the feature vectors under rotational
symmetry and reyectional symmetry

The above section has already given the de"nition of
an a$ne invariant feature vector for every feature point
on the contours. In the following, we will show that, in
theory a pair of rotational symmetric points (or a pair of
re#ection-symmetric points) own the same feature vec-
tors. Furthermore, we show that both the detection of
rotational symmetries and the detection of re#ectional
symmetries can be done by detecting the continuous lines
of 1 s with slope#1 (for rotational symmetries) and slope
!1 (for re#ectional symmetries) within a local similarity
matrix. This greatly simpli"es the process of detecting
symmetric axes.
For discussion purpose, in Fig 1, we use symbol <

�
to

represent the i-th feature point (x
�
, y

�
) and let two points

<
�
and <

�
be a pair of re#ection-symmetric points, and

two points <
�
and <

	
be a pair of rotationally-symmetric

points. From the de"nition of f K
��
given in section 2, it is

easy to show f K
��

"f K
��

"f K
�	
. Using the normalized feature

element, f K
��
, which is invariant to a$ne transformation,

the equality f K
��

"f K
��

"f K
�	
holds even under a$ne trans-

formations.
Thus, once the set of feature vectors for a contour has

been extracted, the detection of skewed symmetries be-
comes the process of comparing the similarity on each
pair of feature vectors. In what follows, the properties
respectively on re#ection-symmetric and rotationally-
symmetric pairs are formalized.
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Fig. 1. Properties of a$ne invariant features on rotational and
re#ectional symmetries. Points <

�
and <

�
are the pair of re#ec-

tion-symmetric points, while points <
�
and <

	
are the pair of

rotationally-symmetric points.

3.2. Property of rotational symmetry

For rotationally symmetric object, if the l-th feature
point corresponds to the i-th feature point, the feature
vector FK

�
of the l-th point is expected to be identical to the

feature vector FK
�
of the i-th point. That is, the matching

error E
��	
between the i-th and l-th feature points should

be zero, i.e.,

E
��	

"(FK
	
!FK

�
)� ) G ) (FK

	
!FK

�
)"0,

where 1)i, l)N and G is an M�M diagonal matrix
de"ned by a Gaussian function, i.e.

G"[g



]
���

and g




"

1

�2��
e�		

���
�������

In fact, G is a weighting matrix used for controlling the
contributions from di!erent feature elements.
For simpli"cation, we use a local similarity measure

S
��	
to represent the similarity of feature point pair. A def-

inition of S
��	

can be obtained from the matching error
E
��	
as follow,

S
��	

"1!

E
��	

Max
����	��

E
��	

(1)

From the above de"nition, it is easy to observe that the
value of S

��	
is also invariant to any a$ne transformation.

The above de"nition implies S
��	

"1 if the l-th feature
point is the corresponding rotationally-symmetric point

of the i-th feature point. Furthermore, in Fig. 1, we
assume that segment a passing through the i-th feature
point <

�
is rotationally symmetric to the segment c

passing through the l-th feature point <
	
. In this case, the

[i#h]-th and [l#h]-th feature points respectively on
the segments a and c are also the corresponding rotation-
ally-symmetric points. This means, S

������ �	���
should

also be 1 (i.e. S
������ �	���

"1), where h is an integer and
[i#h]"(i#h#N)%N. Consequently, if we visualize
the local similarity matrix, S"[S

��	
], as an image with

intensities between 0 and 1 (level 1 means white), then, in
the ideal case, we would observe in this image a continu-
ouswhite line (i.e. line of 1 s) passing through the position
(i, l) with slope equal to #1 (see Figs. 2(d1) and (d2) for
example).
In practice, since noise and deformation on the input

shape may occur, the similarity between the feature vec-
tors of the corresponding rotationally-symmetric points,
S
��	
, may not be exactly 1. To cater for noise, as well as

variability in the sample point selection and to make
allowance for deformation, we instead look for high
intensity lines with slope #1 in the image produced by
the local similarity matrix.

3.3. The property of reyectional symmetry

Similarly, if the k-th feature point <
�
is the re#ection-

symmetric point of the i-th feature point <
�
, then the

matching error, E
���
, between the corresponding feature

vectors will be zero, i.e.

E
���

"(FK
�
!FK

�
)� ) G ) (FK

�
!FK

�
)"0.

With the same normalization in (1), the similarity
measure S

���
"1 can be obtained for two re#ection-

symmetric points based on the above de"nition of the
matching error. In Fig. 1, if the segment a passing
through the feature point <

�
is re#ection-symmetric to

the segment b passing through the feature point <
�
,

then S
������ �����

should be 1. Here, h is an integer, and
the [i#h]-th and [k-h]-th feature points are localized
respectively on the segments a and b. Similarly, we can
observe a continuous white line (line of 1 s) passing
through the position (i, k) with slope !1 in the image of
local similarity matrix.
The detection of re#ectional symmetries can thus be

implemented e$ciently by searching for a line of 1 s with
slope !1 in the matrix of similarity measures. See
Fig. 2(e1, e2) for example.
The above observations mean that once the local

similarity matrix has been computed for a curve, the
detection of rotational symmetry (or the detection of
re#ectional symmetry) of the curve can be achieved by
simply searching for continuous straight line segments
with slope#1 (or!1) within the local similarity matrix.
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Fig. 2. Skewed symmetry detection for an object, where fold number and skewed axes of re#ectional symmetries are detected.
Thick-black lines in (e2) represent the selected correct symmetric axes. The vertical thin lines in (d2) and (e2) are used for connecting the
logically-same lines.

3.4. Process of detecting rotational symmetries

With noises and deformation, the feature vectors of
symmetric points are typically not exactly the same. This
leads to a local similarity matrix such as the one shown
in Fig. 2(b), for an object shown in Fig. 2(a), with values
falling between 0 and 1.
Since theory tells us that the lines of 1 s with slope#1

in the local similarity matrix indicates the locations
of local (skewed) symmetry axes (Fig. 2(b)), the "rst step
is to binarise the local symmetry matrix at a suitable
threshold value. In our experiments, we set our
threshold at S

��	
"0.85. Using this threshold, we can get

a binarised local similarity matrix, where S
��	

"0 if

S
��	

(0.85. Fig. 2(c) is the thresholded similarity image
from Fig. 2(b).
Given the thresholded local similarity matrix, it is easy

to detect all line segments with slope#1 and!1 within
it through suitable spatial "ltering such as morphological
opening and closing with a line structuring element.
Among these extracted straight line segments is one cor-
responding to S

���
"1 which corresponds to comparing

a feature vector of a feature point with itself. This line is
the diagonal line of the binarised local similarity matrix,
which we call the identity line. Removing this line, we get
a segmented image, such as the one shown in Fig. 2(d1).
Fig. 2(d2) is the result of "tting lines to the segmented
image.
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Fig. 3. Symmetry detection for the object which is rotationally symmetric but globally not re#ection-symmetric. The vertical thin line in
(d2) is used for connecting the logically-same line. Grey thick lines in (e2) represent the selected correct symmetric axes. In (e2), four black
thin lines are not selected, since they don't satisfy the constraint condition of being re#ection-symmetric.

An important observation is that if the length of the
detected line is equal to N (the total point number on the
contour), then the input object must be rotationally
symmetric and its fold number is equal to `the number
of complete lines plus 1a. For example, the number of the
complete lines in Fig. 2(d2) is 3, then the fold number of
the object is 4.
Finally, we can summarize an algorithm for the rota-

tional symmetry detection, based on the concept of the
local similarity matrix:

(1) Binarised the local similarity matrix.
(2) Detect lines within it with slope#1 using line "tting

procedure.
(3) Remove the identity line.

(4) Calculate the number of the "tted lines with length N.
The fold number is exactly `the number of complete
lines plus 1a.

3.5. Process of detecting reyectional symmetries

The algorithm for detecting a pair of re#ection-sym-
metric points and their axes are similar to the above
algorithm for detecting rotational symmetries. And, both
the process of detecting rotational symmetries and the pro-
cess of detecting reyectional symmetries are operating on
the same similarity matrix. The main di!erences are as
follows. One di!erence is that, in rotational symmetry
detection, we look for the lines with slope #1 in the
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Fig. 4. Symmetry detection for the noisy object, corrupted from object in Fig. 2(a).

similarity image, while in re#ectional symmetry detection
we look for the lines with slope !1. Another di!erence
is that, in re#ectional symmetry detection, we should
establish a constraint condition for con"rming the actual
local re#ectional symmetry. Since there may exist many
local re#ectional symmetries in an object, such as Fig.
3(a), we should choose only the signi"cant local symmet-
ries from a set of potential candidates. A possible con-
straint condition for this is that the pairs of re#ection-
symmetric points should be on the same continuous seg-
ment, which is commonly studied by researchers. For
example, in Fig. 3(e2), only four grey thick lines satisfy
this constraint condition. Other four thin lines do not
meet this requirement. In addition, the axis for the pairs

of re#ection-symmetric points can be determined by the
middle points of all pairs, using Least Mean Square
Error.
An algorithm for detecting re#ectional symmetry based

on the local similarity matrix can be summarized below:

(1) Binarised the local similarity matrix.
(2) Detect signi"cant line segments within it with slope

!1 using line "tting procedure.
(3) Select "tted lines satisfying the constraint condition

that the pairs of re#ection-symmetric points should
be on the identical continuous segment, and with at
least a certain length.

(4) Calculate the axis of every re#ectional symmetry.
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Fig. 5. Detection of skewed symmetries for the occluded object, cut from object in Fig. 2(a).

4. Experimental results

In this section, we will provide a series of experimental
results on skewed and local symmetry detection. The

proposed algorithm is tested by (a) an object that is both
rotationally symmetric and re#ection-symmetric (Fig. 2),
(b) an object that is only rotationally symmetric but
locally re#ection-symmetric (Fig. 3), and their corrupted
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Fig. 6. Symmetry detection for a noisy object, corrupted from object in Fig. 3(a).

and occluded versions (Figs. 4, 5 and 6). Also, our tech-
nique is tested on some general object shapes, such as the
"sh shown in Fig. 7. The numbers of feature points, N, on
the object boundaries vary from 200 to 400 for di!erent
objects. And, the size of M is set to 30 for all cases in our
experiments.

4.1. Detection of rotational symmetries:

All the objects used in Figs. 2}4 and 6 are skewed
rotationally symmetric, our method can correctly detect
the fold numbers for all these objects. Although the
object in Fig. 4(a1, a2) is corrupted by noise, the rota-
tional symmetry, including the fold number, still can be
detected correctly. It is easy to see from Fig. 4(a2) that the

contour of the object was severely corrupted by noise.
Since the proposed method uses the combined informa-
tion of local and semi-local features around every feature
point of the object, the result of skewed symmetries
detection is very robust against noise and deformations.
Also, in Fig. 6, the contour of the object was also severely
corrupted by noise. The local similarity matrix in Fig. 6(c)
appears to be quite complicated, but the line detection
result (Fig. 6(d1)) is still satisfactory since we are only
interested in lines with slope equal to#1 and!1. On the
other hand, the two objects shown in Figs. 5 and 7 are
not rotationally symmetric, since no signi"cant line seg-
ment (line with length equal N) with slope #1 exists in
the binarised local similarity matrices (Fig. 5(d1, d2),
7(d1, d2)).
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Fig. 7. Symmetry detection for the generalized object, where no global rotational symmetry and re#ectional symmetry exist. The vertical
and horizontal thin lines in (e2) are used for connecting the same line. Grey thick lines in (e2) represent the selected correct symmetric
axes. In (e2), three black thin lines are not selected, since they don't satisfy the constraint condition of being re#ection-symmetric.

4.2. Detection of both global and local skewed reyectional
symmetries

Objects in Figs. 2 and 4 are globally re#ection-sym-
metric. Object in Fig. 4(a1, a2) is the noisy version of the
object in Fig. 2(a). Our technique successfully detected
the axes of skewed re#ectional symmetry for both "gures.
The detected axes for these two objects are respectively
shown in Fig. 2(f1) and Fig. 4(f).
Figs. 3(a) and 6(a) show the same object. The di!erence

is being that the contour of object in Fig. 6(a) is corrupted
by noise. Even under noise, the detected local re#ectional
symmetries in Fig. 6(f) are the same to those in

Fig. 3(f). Notice some of the candidate lines in Figs. 3(e2)
and 6(e2) were eliminated by the constraint condition
for re#ectional symmetry.
Object in Fig. 5(a) shows an occluded and corrupted

version of Fig. 2(a). The global and local re#ectional
symmetries are correctly detected for the corrupted "g-
ure. In Fig. 5(e2), vertical and horizontal thin lines are
used to connect the logically-identical lines. Fig. 5(f1)
shows the axes of the detected re#ectional symmetries.
The symmetric point pairs for di!erent local symmetries
are respectively shown in Fig. 5(f2, f3).
Fig. 7(a) gives a general object shape, i.e. a "sh. Its local

similarity matrix is quite complicated whereas the result
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of the detected line segments is still satisfactory. Our
technique gives three local re#ectional symmetries for
this object in Figs. 7(f ).

5. Conclusion

In this paper, we present an approach for detecting
both rotational symmetries and re#ectional symmetries
based on a single local similarity matrix. A local sim-
ilarity measure is developed from a set of a$ne-invariant
feature vectors that capture both local and semi-local
geometric information around the points of the object
boundary. Since the feature vectors are a$ne invariant,
our approach is also a$ne invariant and thus applicable
in detecting both local and global skewed symmetries.
Moreover, since the feature vector captures not only
local invariants but also semi-local invariants of the
object, this makes our approach robust against noise,
deformation, and occlusion. Various experiments, on
typical self-symmetric objects and general objects, have
demonstrated the robustness and e!ectiveness of our
technique in detecting skewed symmetries.
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