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Abstract

A novel theorem linking reflectional symmetry and rotational symmetry has been established in this

paper. This theorem constrains that, for a rotationally symmetric image with K ≥ 1  fold(s) (K-RSI),

its number of reflection-symmetric axes must be either K or zero. The novel constraint theorem

provides the guidance for the procedure of symmetry detection. It has been demonstrated by the

experiments included in this paper.
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1.  Introduction

Rotational symmetry and reflectional symmetry have been studied extensively in the areas of

computer vision [13,14]. Many techniques have been suggested for detecting either reflection-

symmetric axes [1-3] or rotationally symmetric axes [4-7] of planar images. Furthermore, techniques

able to detect both reflectional symmetry and rotational symmetry [8-9] have also been reported.

However, to the author’s knowledge, none of the previous papers in the computer vision area studied

the relationship between reflectional symmetry and rotational symmetry.

Here, we investigate this relationship by studying the definitions and the properties associated with

both reflectional symmetry and rotational symmetry. The result is, for any planar image the number

of reflection-symmetric axes is either K or zero for a K-RSI, where K ≥ 1 .
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2.  Properties on reflectional and rotational symmetries

2.1 Reflectional symmetry

A planar image is said to be reflection-symmetric if it is invariant to reflection(s) with respect to one

or more straight lines, denoted as reflection-symmetric axes. Notice that the concept of mirror

symmetry is usually utilized for an object with only one reflection-symmetric axis. The reflection-

symmetric axes can be proved to pass through the center of mass of the image. In the following, for

ease of discussion and without lose of generality, we assume that every image has been centered at its

geometric center. Then, the reflection-symmetric image should satisfy: f r f r( , ) ( , )φ θ φ θ+ = − , where

φ is the angle of the reflection-symmetric axis.

Without lose of generality, let’s assume that the studied image has maximum M>0 reflection-

symmetric axes and the angles of these reflection-symmetric axes are respectively

0 0 1 2 1= < < < < <−ψ ψ ψ ψ π.... M .

Then we can obtain the following theorem that describes the relationship between the angles of the

reflection-symmetric axes.

Theorem 2.1 The angle difference between any pair of reflection-symmetric axes is a multiple of

M
π

. That is, 
Mii
πψψ =−+ 1 , for 2,...,1,0 −= Mi .

Proof:

We have assumed that 0 0 1 2 1= < < < < <−ψ ψ ψ ψ π.... M . Accordingly, from the reflectional axis with

angle 00 =ψ , we have

                                                                  ),(),( θθ −= rfrf . (1)

Also from the reflectional axis with angle 1ψ , we have

                                                          ),(),( 11 θψψθ −=+ rfrf . (2)

Based on the two above-mentioned equations, we can obtain )2,()2,( 11 θψψθ −=+ rfrf  by the

following steps.

),(),())(,())(,()2,( 11111 θθψθψψψθψθ rfrfrfrfrf =−=+−=++=+ ,
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),())(,())(,()2,( 11111 θψψθψθψθψ rfrfrfrf =+−=−−=− .

Similarly, we can obtain ),(),( 11 θψψθ −=+ nrfnrf  for 3≥n , by using equations (3) and (4):

                                                  ))2(,())2(,( 11 ψθθψ −+=−− nrfnrf  (3)

                                                   ))1(,())1(,( 11 ψθθψ −+=−− nrfnrf . (4)

The following steps give the process of obtaining this result.

),)2(,(
))2(,())()1(,())1()(,(),(

1

111111

θψ
θψψθψψψθψθ

+−=
−−=+−−=−++=+

nrf
nrfnrfnrfnrf

))2(,())1()(,())()1(,(),( 111111 ψθψψθψθψθψ −+=−+−=−−−=− nrfnrfnrfnrf .

In this way, we know the axes with angles {  ...  ,...,3 ,2 , ,0 11110 ψψψψψ n= } are also reflection-
symmetric axes. Comparing two angel sets {  ...  ,...,3 ,2 , ,0 11110 ψψψψψ n= } and
{ πψψψψ <<<<<= − 1210 ....0 M }, it is easy to conclude that iψ  should satisfy the requirements

1)1( ψψ −= ii  for 1,...,3,2 −= Mi  and 
Mii
πψ =  for )1(,...,2,1 −= Mi . Accordingly, the angle difference

between any pair of reflection-symmetric axes is a multiple of 
M
π

. #

2.2  Rotational symmetry

A planar image is said to be order K rotationally symmetric, if it is invariant under rotation of 2π/ K

radians about the center of mass of the object and K is the largest integer. This planar image is

usually called a rotationally symmetric image with K folds (K-RSI). The orientations of these K folds

can be defined by K fold axes.

The mathematical definition of a K-RSI, f r( , )θ , can be described as

f r f r
i

K
i( , ) ( ,

( )
), , ,...,; [ , )θ θ π θ π= + − × = ∈1 2

1 2 0 2 .

3. A Theorem linking reflectional symmetry and rotational symmetry

Based on the above properties derived respectively for reflectional symmetry and rotational

symmetry, this section investigates the relationship (Theorem 3.1) linking the number of the

reflection-symmetric axes with the number of the fold axes for any planar image. It can be used as a



4

means of double checking the correctness of any symmetry detection techniques, and simultaneously

as guidance for the symmetry detection procedure.

Theorem 3.1 (1) For a K-RSI ( K ≥ 1), the number of the reflection-symmetric axes is either 0 or K.

 (2) On the other hand, if the detected number of the reflection-symmetric axes is not

equal to zero, then this number is exactly the fold number.

Proof:

It is easy to prove the case that no any reflection-symmetric axis exists. Accordingly, we only need to

prove the case that there do exist some reflection-symmetric axes. Let M be the number of the

reflection-symmetric axes, and K be the fold number. In the following, we prove that (a) M K≥  and

(b) K M≥ , which leads to KM = .

(a)  For K-RSI ( K ≥ 1), if there exist any reflection-symmetric axes, then the number of the

reflection-symmetric axes M must be greater than or equal to the fold number K ( M K≥ ).

If the studied image f r( , )θ  is not reflection-symmetric, then its number of the reflection-

symmetric axes will be zero. Otherwise, if f r( , )θ  is reflection-symmetric, we can assume that x-

axis is its reflection-symmetric axis. That is ),(),( θθ rfrf =− . Since f r
K

k f r( , ) ( , )θ π θ+ =2  for

k=1,..,(K-1), then ),()2,( θπθ −=+− rfk
K

rf  for k=1,..,K-1. Using both ),(),( θθ rfrf =−  and

f r
K

k f r( , ) ( , )θ π θ+ =2 , we have )2,(),(),()2,( k
K

rfrfrfk
K

rf πθθθπθ +==−=+− . That is,

the lines with angles of 2π
K

k , for k=1,..,(K-1), are also the reflection-symmetric axes.

Accordingly, if there exist any reflection-symmetric axes, the number of the reflection-symmetric

axes must be greater than or equal to K. That is M K≥ .

(b)  For the image with M>0 reflection-symmetric axes, its fold number K must be greater than or

equal to M ( K M≥ ).

Without lose of generality, let’s assume the angles for these reflection-symmetric axes are

0 0 1 2 1= < < < < <−ψ ψ ψ ψ π.... M . From Theorem 2.1, we know 
Mii
πψ =  for )1(,...,2,1 −= Mi .
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Using ),(),( 11 θψψθ −=+ rfrf  and ),(),( θθ rfrf =− , we have

),(),())(,())(,()2,( 11111 θθψθψψψθψθ rfrfrfrfrf =−=+−=++=+ .

That is ),()2,( 1 θψθ rfrf =+ . On the other words, the studied image ),( θrf  is rotationally

symmetric at an angle 12ψ . Since 
M
πψ 22 1 = , the number of the known fold axes is thus

M=)2/(2 1
ψπ . That is, the actual fold number K must be greater than or equal to M, i.e. K M≥ .

The proof in (a) indicates that, for a K-RSI, if there exist any reflection-symmetric axes, the number

of the reflection-symmetric axes M must be greater than or equal to the fold number K, i.e. M K≥ .

While the proof in (b) indicates that, for the image with M>0 reflection-symmetric axes, its fold

number K must be greater than or equal to M, i.e. K M≥ . To satisfy both M K≥  and K M≥ , M

should be equal to K. That is, K M= . Therefore, we have proven that, if there exist any reflection-

symmetric axes, the number of reflectional axes should be equal to the fold number.

4. Experimental Results

In the experiments, we provide some examples to show the correctness of the novel constraint

theorem on symmetries (Section 4.1), and also demonstrate the helpfulness of the new constraint

theorem in the procedure of symmetry detection.

4.1 Demonstration of the correctness of the constraint theorem

Images in figure 1 have different fold numbers, ranging from 1 to 4. Both images in figures 1(a1) and

1(a2) are 1-RSIs, i.e. fold number is 1. Figure 1(a1) is not reflection-symmetric, and then the number

of reflection-symmetric axes is zero. While figure 1(a2) is reflection-symmetric, whose number of

reflection-symmetric axes is 1, exactly equal to fold number 1. A thin line in figure 1(a2) denotes the

reflection-symmetric axis of image. From these two examples, it is easy to infer, for a 1-RSI, the

number of reflection-symmetric axes is either 1 or zero.
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Two images in figures 1(b1) and 1(b2) are both 2-RSIs. Two fold axes are shown as two arrows.

Figure 1(b1) is not reflection-symmetric, that is, the number of reflection-symmetric axes is zero.

But, figure 1(b2) is reflection-symmetric. Two reflection-symmetric axes are shown as two thin lines

in figure 1(b2), where one line is overlapping with the two fold axes. Accordingly, it has been proved

that for a 2-RSI the number of reflection-symmetric axes is either 2 or zero.

Two images in figures 1(c1) and 1(c2) are 3-RSIs, while the last pair of images in figures 1(d1) and

1(d2) are 4-RSIs. Arrows in the corresponding figures represent the fold axes, and thin lines denote

the reflection-symmetric axes. The experimental results on these four images also show, the number

of reflection-symmetric axes is either equal to the fold number (3 or 4) or zero.

The symmetry detection results in Figure 1 were obtained by using a technique suggested in [11],

which is based on Generalized Complex moments. Using this technique, we can also check the

correctness of the constraint theorem on grey-level images (Figure 2), and even the noise-corrupted

images (Figure 3). Paper [11] has shown that its symmetry detection technique is robust to random

noises, because of using the global moments. As to the sensitivity of the symmetry detection method

to errors in the placement of the origin, please refer to [12], where the proposed symmetry detection

method is also based on Generalized Complex moments.

4.2 Demonstration of the usefulness of the constraint theorem in symmetry detection

The novel constraint theorem is also useful for some available methods in their symmetry detection.

For example, Sun [5,10] has proposed two different methods to respectively detect reflectional

symmetry [10] and rotational symmetry [5], based on the same gradient orientation histogram. In

reflectional symmetry detection, he used the convolution of the histogram with itself that produces

the peaks at the symmetric angles. In rotational symmetry detection, he used Fourier transformation

on the histogram and regarded the fold number as the first order that makes the Fourier coefficient

nonzero. Since these techniques use local features, i.e. gradient orientations, for symmetry detection,

they are effective and applicable to images with background intensity gradient. But these techniques



7

fail for certain types of degraded images. The novel constraint theorem can be applied to detecting

and correcting for erroneous detection.

For the image with white background in Figure 4, the rotational symmetry detection method in [5]

detected three fold axes, although the actual fold number of this image is only one. The reflectional

symmetry detection method in [10] detected unique reflectional axis that is indicated as a thin line in

Figure 4. Using our novel constraint theorem, it is easy to conclude that at least one of the symmetry

detection results is incorrect. After analysis, we can find that two of the three fold axes should be

removed. From this example, it is simple to observe that, when different techniques were used to

detect reflectional and rotational symmetries, the novel constraint theorem can be used as a helpful

tool for guiding symmetry detection process.

5. Conclusion

In this paper, we have presented a theorem that governs the number of the reflection-symmetric axes

and the number of the rotational symmetric axes for any planar image. The theorem states that for any

K-RSI, its number of reflection-symmetric axes is either zero or K. From other viewpoints, we can

say, if the detected number of reflection-symmetric axes is not zero, then this number is exactly the

fold number of the image under study.

The theorem can be applied to checking the correctness of the results in the symmetry detection, and

also guiding the procedure of symmetry detection.
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(a1)                                    (b1)                                    (c1)                                    (d1)

    
(a2)                                    (b2)                                    (c2)                                    (d2)

Figure 1 Experimental results showing the relationship between reflectional symmetry and rotational

symmetry. Images in (a1-d1) are not reflection-symmetric, that is, the number of reflection-symmetric

axes is zero even though these images have different fold numbers, ranging from 1 to 4. Images in

(a2-d2) are reflection-symmetric. The numbers of reflection-symmetric axes for these images are

respectively equal to the fold numbers of the associated images, i.e. from 1 to 4. Arrows denote the

fold axes, while thin lines denote the reflection-symmetric axes.
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(a)                                                  (b)                                                   (c)

  
(d)                                                       (e)

Figure 2 Experimental results on gray-level images showing the relationship between reflectional

symmetry and rotational symmetry. (a) Human brain image (fold number 1), (b) a slice of the average

brain image (fold number 1), (c) brain ventricle image (fold number 1), (d) image with fold number 3,

and (e) image with fold number 12. The lines and arrows have the same meanings as those in Figure

1.

   
(a) (b)

Figure 3 Experimental results on noise-corrupted gray-level images. (a) A brain ventricle image with

fold number 1, and (b) an image with fold number 3.



11

Figure 4 An example demonstrating the effectiveness of using the novel constraint theorem in the

procedure of symmetry detection that is based on the different techniques. For example, the rotational

symmetry detection method in [5] detected three fold axes, while the reflectional symmetry detection

method in [10] detected only one reflectional axis. Using the novel constraint theorem and some

analyses, it’s easy to infer that the fold number should be one.


