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Abstract

A fuzzy algorithm for aligning object shapes under a$ne transformations is proposed in this paper. The algorithm,
with the name of fuzzy alignment algorithm (FAA), extends Marques' algorithm to a$ne transformations. It can
e$ciently estimate the point correspondence and the relevant a$ne transformational parameters between the feature
points of the object shape and the reference shape. In this algorithm, the fuzzy point-correspondence degrees are used to
describe an uncertainty point assignment, then both the parameters of the a$ne transformation and the fuzzy
correspondence degrees are iteratively calculated by minimizing a constrained fuzzy objective function. To prevent FAA
from sinking into local minimum when the shapes are greatly deformed, an initialization method based on a$ne
invariants is designed. Comparing to the eigenvector method, the e!ectiveness and robustness of the proposed algorithm
is investigated with a sensitivity study based on randomly generated points. At last, good performance of FAA is
illustrated with several experiments on aligning digits and object shapes. � 2001 Pattern Recognition Society.
Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

The alignment of a pair of shapes, or estimation of the
point correspondence and the relevant transformational
parameters between the feature points of two shapes, has
attracted much attention in the areas of pattern recogni-
tion and computer vision for decades. Di!erent strategies
have been developed in literature, namely, estimating the
transformational parameters by least-squares algorithms
[1,2], calculating the point correspondence by proximity
matrices [3,4], pose clustering and estimation approach
[5,6], template matching methods [7,8] and accumula-
tion of evidence [9,10], etc.
In Ref. [1], Umeyama proposed a least-squares (LS)

method to compute the similarity transformational para-
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meters between two point patterns. The algorithm, which
is proved to be a strict solution to the point matching
problem, can give the correct parameters even when the
data is corrupted. Werman and Weinshall [2] de"ned
a$ne-invariant expressions for measuring the distance
between 2D point sets, which can then be used to match
the points between the two sets using the LS method.
However, in both algorithms, the point correspondence
between the two sets has to be known a priori.
To determine the point correspondence, Scott and

Longuet-Higgins [3] proposed a proximity matrix strat-
egy. The proximity matrix is an a$nity measure based on
the inter-set point distances. By applying singular value
decomposition (SVD), a competition scheme was utilized
to determine the correspondence according to the prin-
ciple of proximity and exclusion. Experiments showed
that good results can be achieved under 2D translations,
expansions, and small shears, but when there is large
rotation in the image plane, the algorithm cannot cope
with it successfully [4]. To overcome this weakness,
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Shapiro and Brady [4] developed an eigenvector ap-
proach, where the proximity matrices are created using
the intra-set point distances instead of the inter-set dis-
tances, and the association matrix calculated from the
feature vectors of the proximity matrices is utilized to
determine the point correspondence. However, this algo-
rithm can only deal with the transformations under small
skews, and because the sign of each eigenvector is not
unique, a time consumptive sign correction stage is re-
quired.
As stated in Ref. [11], estimation of the transforma-

tional parameters requires reasonable point correspond-
ence, while good point correspondence can be acquired
based on the transformational geometry information.
Therefore, algorithms were developed to iteratively esti-
mate the transformational parameters and re"ne corre-
spondence matches [11}14]. In Ref. [11], Cross and
Hancock proposed a dual-step expectation maximiza-
tion (EM) algorithm for matching, which is based on the
graphical structure and Bayesian estimation. Gold et al.
[12] developed an objective function and used a combi-
nation of optimization techniques, including determinis-
tic annealing and the softassign [15], to obtain the es-
timation of the correspondence and the a$ne trans-
formational parameters iteratively. From the formation
of its objective function, we can see that there are bound
constraints to the scale and shear components of the
a$ne transformation. Therefore, it is not suitable for
estimating the a$ne transformations with large scales
and large shears.
An alternative way to align the shapes is fuzzy algo-

rithm. Since it is ambiguous to determine the point corre-
spondence, the adopting of fuzzy concept appears to be
a suitable method to deal with this problem. In Ref. [14],
Marques proposed a fuzzy algorithm for the alignment of
curves and surfaces using iterative estimation. In Mar-
ques' method, to align a pair of shapes or point sets,
con"dence degrees are utilized to describe each combina-
tion between the points in two shapes. Then, the rotation
variables and the con"dence degrees are obtained by
minimizing a fuzzy objective function iteratively. The
algorithm works quite well for aligning shapes under
di!erent rotations and translations. However, because
the algorithm is designed to estimate Euclidean trans-
formations, the performance deteriorates in the presence
of skews and scaling, which greatly eliminates the practi-
cal use of the algorithm.
This paper extends Marques' fuzzy algorithm to a$ne

transformations, which results in the so-called fuzzy
alignment algorithm (FAA). Similar to Marques' algo-
rithm, the fuzzy point-correspondence degree functions
between each point in the "rst set and all the points in the
second set are prescribed. An iterative method is pro-
posed to estimate both the parameters of the a$ne trans-
formation and the fuzzy point-correspondence degrees
by minimizing a fuzzy objective function under the con-

straints: the columns of the fuzzy point-correspondence
matrix must add up to one. Note that in Marques'
algorithm, the transformational matrix A is limited to be
unitary, while in FAA, the only constraint onA is nonsin-
gular. The main advantage of FAA lies in that, it can
obtain the good alignment results not only from the close
and open curve boundaries, but also from the broken
boundaries or other feature point sets of shapes under
a$ne transformations.
If the initialization values of the fuzzy point corre-

spondence are randomly selected, as a gradient method,
FAA has probability to sink into local minimum, espe-
cially when the shapes are highly deformed or the num-
ber of point is large. Methods are developed to solve this
problem, such as simulated annealing, genetic algorithm
and various initialization methods. In this paper, we
design an initialization method for FAA based on a$ne-
invariant features. Experiments show that with the initia-
lization, the probability of sinking into local minimum or
some undesirable results is decreased.
In the experiments, the performance of FAA with in-

itialization is compared with that of the traditional eigen-
vector method proposed by Shapiro and Brady [4],
where randomly generated data and a$ne transforma-
tional parameters are used. The comparison is done
through a sensitivity study, including the sensitivity of
the algorithms to the number of points, random point
measure error, missing and spurious object points. Based
on the comparison, FAA is utilized to align the hand-
writing digits and object shapes in di!erent conditions.
The results demonstrate FAA's good performance for
aligning shapes under a$ne transformations.
The paper is organized as follows. Section 2 formulates

the problem and introduces FAA in detail. Section 3
presents the initialization method for FAA based on
a$ne invariants. In Section 4, experiments on algorithm
comparison, sensitivity analysis, and alignment applica-
tions are presented to demonstrate the good performance
of the algorithm. At last in Section 5, a concluding
remark is given.

2. Fuzzy alignment algorithm (FAA)

2.1. Problem formulation

Denote the two point sets to be aligned as observed
(object) point set and reference point set, the alignment
problem is to determine the a$ne transformation and the
point correspondence between the two point sets. Math-
ematically, let X and > be the reference point set and
object point set, respectively, it is assumed that the points
y
�
3> (y

�
3R�, 1)i)M) and x

�
3X (x

�
3R�, 1)j)N)

are related with the following a$ne transformation:

y
�
"¹(x

�
)#�, (1)
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where ¹ is an a$ne transformation operator. � indicates
the random noise and error due to imaging error,
measure error, and noise. In this paper, we consider the
2-D alignment, where q"2. The algorithm for 3-D case
can be extended straightforward. The a$ne transforma-
tion is denoted as

¹(x
�
)"Ax

�
#t, (2)

where A is a 2�2 nonsingular matrix and t is a transla-
tion vector. If we know the point correspondence be-
tween X and >, the a$ne transformational parameters
can be directly estimated by the LS method. Unfortu-
nately, in practice, it is di$cult to determine which point
in X corresponds to the point y

�
in >. One of the

solutions is to introduce w
��
, a point-correspondence

degree between y
�
and x

�
, according to fuzzy techniques.

The point-correspondence degree functions satisfy the
following normalization condition:

�
�

w
��

"1, ∀i, w
��

3[0,1], 1)i)M, 1)j)N.

(3)

To estimate the a$ne transformational parameters be-
tweenX and >, the fuzzy objective function E is de"ned,

E(A, t,w)"�
���

w�
��
��y

�
!(Ax

�
#t)���, (4)

where p'1 is a parameter to control the fuzziness
of the solution, w"[w

��
] is fuzzy point-correspondence

degree, and �� . �� refers to the Euclidean norm. The
di!erence between Eq. (4) and the criterion of the LS
method (E�"�

�
��y

�
!(Ax

�
#t)���) is that, in Eq. (4),

a matrix w is used to describe the unknown point corre-
spondence.

2.2. FAA for aligning shapes

FAA estimates the transformational parameters and
the point correspondence degree functions by minimizing
the fuzzy objective function, using the constraints in Eq.
(3). The whole process can be divided into two iterative
steps: (i) Estimate the transformational parameters (AK , tK ).
(ii) Update the estimation of point-correspondence de-
gree functions w(

��
.

2.2.1. Estimation of the transformational parameters
We "rst assume that the point-correspondence degree

functions are known, and the problem is to estimate the
parameters of the a$ne transformation, A and t, by
minimizing of the objective function in Eq. (4).

2.2.2. Estimation of t
To estimate the translation t, which minimizes Eq. (4)

when all the other parameters are given, the partial
derivative method is utilized. A necessary condition of

the minimization is

�E(A, t,w)

�t �t�t)

"0,

�
��

w�
��
(y

�
!Ax

�
!t< )"0. (5)

So the estimated translation is

t<"y� !Ax� , (6)

where x� "1/C�
��
w�

��
x
�
, y� "1/C�

��
w�

��
y
�
, C"�

��
w�

��
.

x� and y� can be considered as the weightedmass centers of
X and>, respectively. t< is the estimated translation of the
a$ne transformation.

2.2.3. Estimation of A
In Marques' method, A is an unitary matrix (rotation

matrix), it can be calculated by SVD decomposition [14].
However, in this paper, except for nonsingular, there is
no other constraint to the transformation matrix A. Sub-
stituting Eq. (6) into Eq. (4), we can get

E(A, t< ,w)"�
���

w�
��
��(y

�
!y� )!A(x

�
!x� )���

"�
���

w�
��
[(y

�
!y� )!A(x

�
!x� )]�[(y

�
!y� )

!A(x
�
!x� )]"�

���

w�
��
[(y

�
!y� )�(y

�
!y� )

!2(x
�
!x� )�A�(y

�
!y� )#(x

�
!x� )�A�A(x

�
!x� )].

(7)

A necessary condition for A to minimize the fuzzy objec-
tive function is

�E(A, t< ,w)

�A �
���K

"0,

that is,

!�
��

w�
��
(y

�
!y� )(x

�
!x� )�#AK �

��

w�
��
(x

�
!x� )(x

�
!x� )�"0,

(8)

AK "��
��

w�
��
(y

�
!y� )(x

�
!x� )����

��

w�
��
(x

�
!x� )(x

�
!x� )��

��
,

(9)

where �
��
w�

��
(x

�
!x� )(x

�
!x� )� is always nonsingular

when there exist at least three points in X, which are not
located in the same line.

2.2.4. Estimation of fuzzy point-correspondence degrees
The estimation of point-correspondence degree func-

tions, w(
��
, can be accomplished by minimizing Eq. (4),
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plus using the constraints in Eq. (3). According to Lag-
range method, necessary condition for the minimization
can be derived from the following Lagrange function:

¸"�
���

w�
��
��y

�
!(AK x

�
#t< )���#�

�

�
���

�

w
��

!1�, (10)

where �
�
are Lagrange multipliers. Let the partial deriva-

tives of ¸ with respect to w
��
equal to zero, we get the

stationary conditions,

pw( ���
��

��y
�
!AK x

�
!t< ���#�

�
"0. (11)

By using the above conditions and the normalization
constraints, the Lagrange multipliers can be obtained as
follows:

�
�
"!�

1

N��
���

(1/p��y
�
!AK x

�
!t< ��������	)�

���
(12)

and from Eq. (11), the estimate of point-correspondence
degree functions is

w(
��

"

1

�
�
(��y

�
!AK x

�
!t< ��������	/��y

�
!AK x

�
!t< ��������	)

,

(13)

where ��y
�
!AK x

�
!t< �� (for all i and m) are assumed to be

non-zero.
The whole algorithm can be summarized as

Step 1: Initialization. Give the feature point sets of the
reference (prototype) and the object shapes, X and >,
initialize the point-correspondence degree functions w( ��	

��
.

Set energy threshold �, and let k"1.
Step 2: Calculate t< ��	 according to Eq. (6) and the matrix

AK ��	 of a$ne transformation according to Eq. (9), by
replacing w

��
with w( ��	

��
.

Step 3: Estimate the point-correspondence degree func-
tions, w( ��	�	

��
, which will be used in the next iteration,

according to Eq. (13) by setting AK as AK ��	 and t< as t< ��	.
Step 4: Calculate the fuzzy objective function E��	, by

substituting AK ��	, t< ��	 and w( ��	
��
into Eq. (4). If

�E��	!E����	�(�, k*2

then the algorithm ends, and AK , t< and w( are the results;
else let k"k#1 and go to step 2 to begin another
iteration.

3. Initialization method for FAA

In this section, to prevent the algorithm from running
into local minimum and make the algorithm more feas-
ible, the initialization method for FAA based on a$ne
invariants is designed. The idea for initializing FAA is to
set the fuzzy-correspondence degrees according to the
most possibly corresponded points, based on the a$ne-

invariant features of the points to be aligned. In this way,
local minimum of FAA can be prevented.
In this section, the well-known a$ne-invariant fea-

tures, the ratio of two areas, are recruited to initialize
FAA. Based on this fact, the interior area proportion of
two polygons P

�
and P

�
is invariant,

S(P
�
)/S(P

�
)"S(¹(P

�
))/S(¹(P

�
)), (14)

where S(P) is the interior area of the polygon P, and ¹(.)
is an a$ne transformation operator.
The initialization method for FAA is presented and

described as follows.
Firstly, the proximity matrices, H



and H

�
, to record

the area features of each point set are calculated by

H

��

"e��


�� ��, H�

�

"e��

�
�
 ��, (15)

where

r

��

"s


(i, j)/S



, r�

�

"s

�
(m, n)/S

�
(16)

and

s


(i, j)"��

x
�
x
�
x�

1 1 1��, s
�
(m, n)"��

y
�

y


y�

1 1 1��,
1)i, j)N, 1)m, n)M, (17)

where S


and S

�
are the areas enclosed by the lines

joining the outmost boundary points in X and >, x� and
y� are the central points of X and >, and � is the scaling
parameter. Therefore, the elements in the matrices
H



and H

�
are a$ne invariant.

Secondly, an association method is applied to "nd out
the most possibly corresponded points from the proxim-
ity matrices H



and H

�
quickly. The eigenvectors and

eigenvalues of the matrices are calculated and re-
arranged so that the diagonal matrices D



and D

�
contain the eigenvalues in decreasing absolute values.

H



"<


D



<�



, H

�
"<

�
D

�
<�

�
, (18)

where the columns of <


and <

�
are the eigenvectors of

H


and H

�
, respectively. Since X and > are the feature

point sets of the same shape, the values of D


and D

�
are

close to each other. Therefore, let F
��


be the ith row of
<



, and F

���
be the jth row of <

�
, the association be-

tween F
��


and F
���

can give the possible point corre-
spondence. However, because the sign of the eigenvectors
may not be unique, if the signs of the eigenvectors in
<

�
remain unchanged, the sign of each eigenvector in

<


should be found so that the association matrix of the

row vectors stands for the point correspondence. This is
a time consumptive combination optimization (CO)
problem. The association matrix, Z, is de"ned by

Z
��

"��F
��


!F
���

���, 1)i)N, 1)j)M (19)

the computing time can be greatly decreased by using
a simple method that only consider the signs of the
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Fig. 1. Examples of FAA to align randomly generated points. (a) N"M"16, (b) three spurious object points are inserted,
N"16, M"19, (c) three object points are missed, N"16, M"13.

principal eigenvectors that have larger absolute eigen-
values. This is similar to the principal component analy-
sis (PCA) method, and only the "rst ¸ columns of<



and

<
�
are considered when calculating Z, and ¸;M,

¸;N. In this way, F
��

and F

���
become the vectors with

length of ¸. The reduction decreases the computing time
since generally ¸ is much smaller than M and N.
Finally, the most possibly corresponded C point pairs,

	"
(x
�
, y

�
) � the two points are possibly corresponded�,

can be found according to the association matrix Z, and
the fuzzy-correspondence degrees of FAA are initialized
as follows:

w
���

"�
d
�

if (x
�
, y

�
)3	,

d
�

otherwise,
(20)

where 0)d
�
)d

�
)1 is proper initialization value of w.

4. Experimental results

In this section, experiments are designed to evaluate
the proposed algorithm. First, FAA is compared with
the traditional eigenvector method based on a sensitivity
study. By using randomly generated points and a$ne
transformational parameters, the sensitivity of the two
algorithms to the number of points, random point
measure error, missing and spurious object points is
investigated and compared. The second set of experi-
ments focuses on aligning real object shapes using FAA,
where handwriting digits and object shapes are used, the
results demonstrate the e!ectiveness and robustness of
the proposed method.

4.1. Algorithm comparison based on sensitivity study

To demonstrate the e!ectiveness of FAA with initia-
lization algorithm, comparison experiments with the
eigenvector method based on a sensitivity study are pre-
sented. The results have been obtained using random

points and transformations, which is reasonable to evalu-
ate the performance of the algorithms.
The reference points, x3X, are uniformly distributed

in the unit box [0, 1]�[0, 1], and the transformational
matrix A is given by

A"R
�
�R

�
, (21)

where R
�
and R

�
are rotation matrices with uniformly

random angles, 
3[!�,�], and

�"�
�
�

0

0 �
�
�

is the scaling matrix. Scales �
�
and �

�
are independent

variables uniformly distributed in [0, 3]. t is the transla-
tion vector, and it is randomly distributed in
[0, 1]�[0, 1].
Then, the object points can be obtained by

y
�
"Ax

�
#t#�, 1)i)N. (22)

The elements of > are re-arranged randomly so that the
point correspondence between X and > is unknown.
� denotes noise vector, which describes the random point
measure error.
FAA and the eigenvector method are used to estimate

the a$ne transformational parameters and the point
correspondence between X and >. Figs. 1 and 2 depict
the comparison results. In Fig. 1, some example results of
FAA are given, &#' represents the reference point, &*'
indicates the object point, and &�' shows the transformed
point of the reference using the estimated transforma-
tional parameters. In Fig. 1(a), the numbers of the points
inX and> are both 16. In Fig. 1(b), three spurious object
points are inserted, and three object points are missed in
Fig. 1(c).
To evaluate the performance of the algorithms quant-

itatively, hit rate is utilized in this paper. Hit rate is
de"ned as the percentage of the correct alignment results
among a given number of experiments. A threshold is set
to gate the de"ned error, and an alignment result is said
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Fig. 2. Sensitivity of FAA to the number of points, the number of missing and spurious points, and point measure noise.

Fig. 3. Alignment results of digits. (a) and (d), the reference points of digits. (b), (c), (e) and (f), object digit points, &#', and the alignment
results, &�'.

to be correct if the value of its error is smaller than the
threshold (In the experiments, this threshold is set to 0.1).
The error function is given by least-squares error be-
tween the object points and the transformed points of the
reference by using the estimated transformational para-
meters and the real point correspondence.

e"

1

C
� ��A��(y

�
!t)!x

�
���, (23)

where x
�
and y

�
are the C real corresponded point pairs

between X and >. Each hit rate given in the "gures is
calculated with respect to 200 tests.
In many real applications of alignment, the results

might be a!ected by the number of the points aligned,
point measure error, spurious or missing object points,
etc. Therefore, the sensitivity of FAA and the eigenvector
method is examined and compared.
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Fig. 4. Alignment results of object shapes, the thin curves are the input object shapes, the thick curves indicate the alignment results.

Firstly, the sensitivity of both methods to the number
of points is examined. Fig. 2(a) shows the alignment
results of FAA and the eigenvector method, where the
number of points to be aligned varies from 8 to 32 with
a step of 4. From the "gure, we see FAA can get very high
hit rates (nearly one) for di!erent number of points, while
the hit rates of the eigenvector method are much lower
and decrease faster when the number of points increases.
This indicates that FAA performs well for large number
of points under a$ne transformations.
Secondly, the sensitivity of both algorithms to spuri-

ous/missing points is studied. The examples of this case
are shown in Fig. 1(b) and (c). The sensitivity curves are
plotted in Fig. 2(b), where the point number of X is 16,
and the number of inserted/missed points varies from

0 to 5. From the "gure, we can see the hit rates of FAA
decrease from 0.98 to 0.53 when there are about 1/3 of the
object points inserted or missed, and those of the eigen-
vector method changes from 0.66 to 0.34.
Thirdly, the sensitivity to the random point measure

error is investigated. Similarly, randomly generated
points and a$ne transformational parameters are utiliz-
ed, while the object points are mixt with random point
measure error, �. � is uniformly distributed in the box
[!�,�]�[!�,�], � is denoted as the strength of the
noise. Fig. 2(c) is the result whenN"16, where � changes
from 0 to 0.1. The solid signature with stars in the "gure
is the hit rates of FAA, while the circled one is the result
of the eigenvector method. The "gure shows that the
performance of both the algorithms decreases along with
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Fig. 5. Alignment results when the shapes are uncompleted, the thin curves are the input shapes, the thick curves are the alignment
results.

the increase point measure noise, but FAA outperforms
the eigenvector method with higher hit rates.
From the above comparison results, we can see that

FAA is superior to the traditional eigenvector method in
point matching, and it is also more robust to the increas-
ing number of points, strength of noise, number of miss-
ing and new-inserted object points.

4.2. Alignment of shapes

In this section, FAA is applied to align handwriting
digits and object shapes, where digits are represented by
point sets, and object shapes are denoted by the land-
mark points along the object boundaries.
Fig. 3 shows the alignment results of handwriting

digits. The digital characters in Fig. 3(a) and (d) are
considered as the references, X, and those points in
Fig. 3(b), (c), (e) and (f), which are labeled with &#', are
objects, >. The transformational parameters are esti-
mated by aligning the reference digitsXwith object digits
> using FAA, and the results are plotted in Fig. 3(b), (c),
(e) and (f) by the points &�'. These points are the trans-
formed version of the relevant reference points. From the
"gures, we can see that though the point numbers of the
references and the objects are di!erent, and there are
local deformation to the digits, FAA still can estimate the

transformational parameters and match the digits quite
well.
Figs. 4 and 5 show more alignment results of plane

pro"les and spanner shapes using FAA. In this case,
landmark points are used to character a given object
shape, which can then be linked by line sections to form
the boundary. In the "gures, the thin curves represent the
input object shapes, while the thick curves are the align-
ment results, that is, the transformed versions of the
reference shapes using the estimated transformational
parameters. Fig. 4 shows the results in di!erent rotation,
scaling, translation and shearing parameters of shapes,
while in Fig. 5, more pronounced FAA's behavior is
observed with the ability to align uncompleted object
shapes under various positions.
In Fig. 6 di!erent references are used to align one input

shape, so that the type of the shape can be determined by
the best matches with the minimum error. This realizes
the process of object recognition and at the same time,
localization. Fig. 6 shows the alignment results between
the input shape of pliers and three references (pliers,
spanner and key) using FAA. Fig. 6(a) is the input, a pair
of pliers, and the alignment results using the references
are shown in Fig. 6(b)}(d). The "nal values of the fuzzy
objective function equal to 52.7, 215.4 and 280.7, respec-
tively. Therefore, the type and location of the input shape
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Fig. 6. Results of FAA using di!erent references. (a) The input shape of pliers, (b) alignment result using the reference shape of pliers, the
objective energy converges to 52.7, (c, d) alignment results using other prototypes (spanner and key), and the "nal objective energies are
215.4 and 280.7, respectively.

are obtained by Fig. 6(b), because its objective function
value is much less than others.

5. Conclusion

An e$cient fuzzy alignment algorithm (FAA) for align-
ing shapes is presented in this paper. FAA extends Mar-
ques' method to a$ne transformations, and it can pro-
vide an e!ective solution for shape alignment problem. In
addition, an initialization method is designed based on
a$ne-invariant features to improve the performance of
FAA. By comparing with the eigenvector method, the
e!ectiveness of FAA is investigated through a sensitivity
study. Moreover, experiments on aligning object shapes
demonstrate the good performance of FAA and indicate
its application potential in the "eld of object detection,
localization, tracking and recognition.
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