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Motivation

Ride-sharing Platform

Ride-sharing Platform is a Complex Ecosystem —
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Motivation

Market Alphazero in Two-sided Marketplace

— Leverage Supply-Demand Network Effect —

How to evaluate and improve the operational efficiency of ride-sharing platform?
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Motivation

Experimental Design in Two-sided Marketplace

Policy evaluation

I Comparison btw new & old policies in spatio-temporal system

*  Evaluating treatment effects
Improve key platform metrics

Exploring order dispatch policies and customer recommendation initiatives
Leading to a more efficient and user-friendly transportation system

-Goal

Drivers = Riders

Platform P
+ Intelligent travel guid A - R the market i
+ Reduce empty driving ntelligent travel guidance ecognize the marke

Better dispatching and scheduling

Improve the service quality

* Less queueing time




Trustworthy Machine Learning & Quantile Regression

Enhancing Robustness

@ Models variability beyond the mean for a fuller data picture.

@ Improves reliability against outliers and skewed distributions.
Improving Interpretability

@ Reveals variable relationships across the distribution.

@ Enhances model transparency and trust with detailed insights.
Promoting Fairness

o Mitigates disparities across subgroups at different quantiles.

@ ldentifies and corrects biases for equitable outcomes.

Quantifying Uncertainty

o Facilitates prediction interval estimation, measuring uncertainty.

@ Supports informed decision-making with accountable models.
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An introduction example
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Figure: A toy simulation example to visualize the disadvantage of the conditional
average treatment effect (CATE) with heavy-tailed outcomes. Panel A plots the data
distribution for treatments 0 and 1 with circles and stars. The blue and orange lines are
the conditional mean and median estimators. Panel B displays the corresponding CATE.
The green dashed line depicts the Median treatment effect values.
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Problem formulation

@ Let (X,Y) ~ Px vy, QR concerns the Tth conditional quantile

QY (x) = F;llxzx(r)7 for 7 € (0,1).
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Vet

Problem formulation

@ Let (X,Y) ~ Px vy, QR concerns the Tth conditional quantile
QY (x) = F;llxzx(r)7 for 7 € (0,1).
@ Given 7 € (0,1), the Q7 (x) can be consistently estimated by
inEx yv[p-(Y — F(X))],
argmin Ex. v o (X))]

where p,(a) = a[t — 1(a < 0)] is the check loss and F is a class of neural
networks.
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Vet

Problem formulation

@ Let (X,Y) ~ Px vy, QR concerns the Tth conditional quantile
QY (x) = F;llxzx(r)7 for 7 € (0,1).
@ Given 7 € (0,1), the Q7 (x) can be consistently estimated by
inEx yv[p-(Y — F(X))],
argmin Ex. v o (X))]

where p,(a) = a[t — 1(a < 0)] is the check loss and F is a class of neural

networks.
@ Objective of distributional learning: Q7' (x), ..., Qy(x) at K levels:
1
argircrg;L(f) :arg’rcréljg_; KIEXy[ka(Y— (X)) (1)
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Crossing-quantile Problems

o The learned quantile curves f;(x), . fK(x) have
crossing-quantile problems even when x is
one-dimensional.

o A(x) < h(x) < --- < fx(x) does not hold.

. NGQ-Net
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Quantile Crossing

025 Estimated Quantile Regression Process 025 Estimated Quantile Regression Process
+ Observations —— T=05 + Observations —
* N — 1=09 — 1=04 * N — 1=09 —
0.20 - — 1=08 — 1=03 0.20 - — 1=08 —
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R =06 — r=01 hasilld

Age
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Quantile estimations with CROSSING. Quantile estimations with NO CROSSING.

Figure: An example of quantile crossing problem in bone mineral density (BMD) data
set. Estimated quantile curves at 7 = 0.1,0.2,...,0.9 and the observations are depicted
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Non-Crossing Quantile Layer

Non-crossing Quantile Network with Delta Layer and Value Layer.

Delta
Layer

Cumsum [

\ 4

Value
Layer

Input

Output

Non-Crossing Quantile Network

Figure: The delta layer d(-; 6s) produce non-crossing zero-mean quantile vector.
And the value layer v(+; 8,) predicts the mean of quantiles. Adding them together
would finally produce the quantile predictions NQ(x) = v(x; 6,) @ d(x; 0s).
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Non-Crossing Quantile Estimation

We use the right figure to show how
to formulate non-crossing estimation
of quantiles.
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Non-Crossing Quantile Estimation

We use the right figure to show how __II.,_llll“- I .lullu_lll__ ._||| wl
to formulate non-crossing estimation
of quantiles. (A)
@ Output of a base deep neural
network.
] NQ-Net 2024 14 /48



Non-Crossing Quantile Estimation

We use the right figure to show how __II.,_lllllln_-__ I|'I|’I'l'||""|"‘-"|" wil
to formulate non-crossing estimation
of quantiles. (A)

e Output of a base deep neural | |
network. . _||.||| |.....I,|_,|||_| ||||| Al

@ Apply the activation function (B)
o(x) = ELU(x) + 1 to create
non-negative outputs.
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Non-Crossing Quantile Estimation

We use the right figure to show how -.II-,.I|IIII- iy -,I“l.lll.. ..III- .
to formulate non-crossing estimation
of quantiles. (A)
@ Output of a base deep neural
network. . _||.||| |.....I,|_,|||_| |.||..|..||||.||||
@ Apply the activation function (B)

o(x) = ELU(x) + 1 to create

non-negative outputs. . .llIIIIIII|||"I“IIIIIIIIIIIIIII“IIl“lll

@ Apply the cumsum function to ©
generate non-crossing quantiles.
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Non-Crossing Quantile Estimation

We use the right figure to show how -.II-,.I|IIII-.._. ||-.|J-,I“l.lll.._..lll- wl
to formulate non-crossing estimation
of quantiles. (A)
@ Output of a base deep neural
network. . _||.||| |.....I,|_,|||_| |.||..|..||||.||||
@ Apply the activation function (B)

o(x) = ELU(x) + 1 to create |||||
non-negative outputs. . .nmlllllllIIIII||||“|||IIIIII“I“

@ Apply the cumsum function to ©
generate non-crossing quantiles. ---nnllllllllll“““l

@ Center the outputs. ===
(D)
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NQ neural networks

e NQ net f(x) = v(x) @ (ELU + 1)(

(V(X)):E’DOO_OE’D_]_OUO

. NQ-Net

) € RX with D hidden layers

-~o00Ly000Ly(x),x € R%.
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NQ neural networks

o NQ net f(x) = v(x) ® (ELU + 1)(d(x)) € RK with D hidden layers

( v(x) ) :ﬁpoao/jp_loao--~oao£1000£0(X)7X€Rd0-

Q Li(x) = Wix + bj is the i-th linear transformation with x € RP" where
W; € RPi+1%Pi is the weight matrix and b; € RP1 is the bias vector.
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NQ neural networks

o NQ net f(x) = v(x) ® (ELU + 1)(d(x)) € RK with D hidden layers

( v(x) ) :ﬁpoao/jp_loao--~oao£1000£0(X)7X€Rd0-

Q Li(x) = Wix + bj is the i-th linear transformation with x € RP" where
W; € RPi+1%Pi is the weight matrix and b; € RP1 is the bias vector.
@Q o = max{x,0} is the rectified linear unit (ReLU) activation function
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NQ neural networks

o NQ net f(x) = v(x) ® (ELU + 1)(d(x)) € RK with D hidden layers

( v(x) ) :ﬁpoaoﬁp_loao--~oao£1000£0(X)7X€Rd0-

Q Li(x) = Wix + bj is the i-th linear transformation with x € RP" where
W; € RPi+1%Pi is the weight matrix and b; € RP1 is the bias vector.
@Q o = max{x,0} is the rectified linear unit (ReLU) activation function
@ Class of NQ networks F = )
{f over all possible choice of {(W;,b;)}2,and |[f||ls < B, [|f|| < B'}.
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NQ neural networks

o NQ net f(x) = v(x) ® (ELU + 1)(d(x)) € RK with D hidden layers

( v(x) ) :ﬁpoaoﬁp_loao--~oao£1000£0(X)7X€Rd0-

@ L;(x) = Wix + b; is the i-th linear transformation with x € RP" where
W; € RPi+1%Pi is the weight matrix and b; € RP1 is the bias vector.
@Q o = max{x,0} is the rectified linear unit (ReLU) activation function
@ Class of NQ networks F = )
{f over all possible choice of {(W;,b;)}2,and |[f||ls < B, [|f|| < B'}.
@ Depth D, width W = max{py, ..., pp}
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NQ neural networks

o NQ net f(x) = v(x) ® (ELU + 1)(d(x)) € RK with D hidden layers

( v(x) ) :ﬁpoaoﬁp_loao--~oao£1000£0(X)7X€Rd0-

Q Li(x) = Wix + bj is the i-th linear transformation with x € RP" where
W; € RPi+1%Pi is the weight matrix and b; € RP1 is the bias vector.
@Q o = max{x,0} is the rectified linear unit (ReLU) activation function

@ Class of NQ networks F = )
{f over all possible choice of {(W;,b;)}2,and |[f||ls < B, [|f|| < B'}.
@ Depth D, width W = max{py, ..., pp}
@ Size S =37 o{pit1 x (i + 1)}
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NQ neural networks

o NQ net f(x) = v(x) ® (ELU + 1)(d(x)) € RK with D hidden layers

( v(x) ) :ﬁpoaoﬁp_loao--~oao£1000£0(X)7X€Rd0-

Q Li(x) = Wix + bj is the i-th linear transformation with x € RP" where
W; € RPi+1%Pi is the weight matrix and b; € RP1 is the bias vector.
@Q o = max{x,0} is the rectified linear unit (ReLU) activation function

@ Class of NQ networks F = 7
{f over all possible choice of {(W;,b;)}2,and |[f||ls < B, [|f|| < B'}.
@ Depth D, width W = max{py, ..., pp}
@ Size S =37 {pis1 x (pi + 1)}
© Number of neurons U = 37 p;
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Learning Guarantee

Theorem (Non-asymptotic upper bounds)

Suppose the ground truth QY are B-Hélder smooth. For any integers U, M € Nt let the class
of networks F uniformly bounded by B, has width W = 38(K + 1)(| 3] + 1)2d0L»‘5J+1 Ulog,(8U)
and depth D = 21(| 3] + 1)2dg‘3j+ll\/l log,(8M). Then for any § > 0, with prob. at least 1 — &

R(fv) := L(fv) — L(Qy) < miﬁfz), (C VKSD log(S) log(N) + +/log( 1/6))
Y

+18(K +2)B(18] + 1)2dé5“‘5“)/ 2<UM)*2@/"° + (K + 2) exp(—B)

for N > ¢ - DS log(S) where C, ¢ > 0 are universal constants, and dy is the input dimension of

the target quantile functions Qy and also neural networks in F.
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Learning Guarantee

Theorem (Non-asymptotic upper bounds)

Suppose the ground truth QY are B-Hélder smooth. For any integers U, M € Nt let the class
of networks F uniformly bounded by B, has width W = 38(K + 1)(| 3] + 1)2d0L»‘5J+1 Ulog,(8U)
and depth D = 21(| 3] + 1)2dg‘3j+ll\/l log,(8M). Then for any § > 0, with prob. at least 1 — &

R(fv) := L(fv) — L(Qy) < miﬁfz), (C VKSD log(S) log(N) + +/log( 1/6))
Y

+18(K +2)B(18] + 1)2dé5“‘5“)/ 2<UM)*2@/"° + (K + 2) exp(—B)

for N > ¢ - DS log(S) where C, ¢ > 0 are universal constants, and dy is the input dimension of

the target quantile functions Qy and also neural networks in F.

@ Stochastic error(variance) increasing in network size, decreasing in sample size N.
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Learning Guarantee

Theorem (Non-asymptotic upper bounds)

Suppose the ground truth QY are B-Hélder smooth. For any integers U, M € Nt let the class
of networks F uniformly bounded by B, has width W = 38(K + 1)(| 3] + 1)2d0LdJH Ulog,(8U)
and depth D = 21(|3] + 1)2d0L‘BHIIVI log,(8M). Then for any § > 0, with prob. at least 1 — &

Rif) = £(n) — £(@yy < " (cv/RSDoa(s1og(1) + VIog(a/3)
vV

+18(K +2)B(18] + 1)2d0“”HBVI)/Z(UM)*M/"U + (K + 2) exp(—B)

for N > ¢ - DS log(S) where C, ¢ > 0 are universal constants, and dy is the input dimension of

the target quantile functions Qy and also neural networks in F.

@ Stochastic error(variance) increasing in network size, decreasing in sample size N.

@ Approximation error(bias) decreasing in network size, smoothness 3 of target QY.
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Bias and Variance Trade-off

Fn

Hypothesis space

Approximation

Stochastic
Error

fn

Empirical Risk Minimizer
(ERM)

@ Stochastic error(variance) increasing in network size, decreasing in sample size N.
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Bias and Variance Trade-off

Fn

Hypothesis space

Approximation

Stochastic
Error

fn

Empirical Risk Minimizer
(ERM)

@ Stochastic error(variance) increasing in network size, decreasing in sample size N.

@ Approximation error(bias) decreasing in network size, smoothness 3 of target QY.
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Learning Guarantee

Theorem (Non-asymptotic upper bounds)

Suppose the ground truth QY are B-Hélder smooth. For any integers U, M € Nt let the class
of networks F uniformly bounded by B, has width W = 38(K + 1)(| 8] + 1)2d}" " Ulog,(8U)
and depth D = 21(| 3] + 1)2d}" " Mlog,(8M). Then for any § > 0, with prob. at least 1 — &

R(f) = £~ £@e) < =2 (€D Ioa(5) s (1) + iog(175))

+18(K + 2)B(|B]) + 1)2dH VD2 (up)=28/% 4 (K + 2) exp(—B)

for N > ¢ - DS log(S) where C,c > 0 are universal constants, and dy is the input dimension of

the target quantile functions Qy and also neural networks in F.

@ Stochastic error(variance) increasing in network size, decreasing in samplesize N.
@ Approximation error(bias) decreasing in network size, smoothness [ of target QY.

@ Let U=1, M = N%/D+25)] and B = log(N), then R(fy) = Op((log N)* N5/ (25+do)y,
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Learning Guarantee

Theorem (Non-asymptotic upper bounds)

Suppose the ground truth QY are B-Hélder smooth. For any integers U, M € Nt let the class
of networks F uniformly bounded by B, has width W = 38(K + 1)(| 8] + 1)2d}" " Ulog,(8U)

and depth D = 21(| 3] + 1)2d}" " Mlog,(8M). Then for any § > 0, with prob. at least 1 — &

R(f) = £~ £@e) < =2 (€D Ioa(5) s (1) + iog(175))

+18(K + 2)B(|B]) + 1)2dH VD2 (up)=28/% 4 (K + 2) exp(—B)

for N > ¢ - DS log(S) where C,c > 0 are universal constants, and dy is the input dimension of

the target quantile functions Qy and also neural networks in F.

@ Stochastic error(variance) increasing in network size, decreasing in samplesize N.

@ Approximation error(bias) decreasing in network size, smoothness [ of target QY.

@ Let U=1, M = N%/D+25)] and B = log(N), then R(fy) = Op((log N)* N5/ (25+do)y,
@ ptsize Self-calibration: Zle E|f, (X) — Qy¥(X)|?> < ¢ - R(f). under proper condition.
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Learning Guarantee with low-dim data

Assumption

The predictor X is supported on M, a p-neighborhood of M C [0, 1]%, where M is a compact
dq-dimensional Riemannian sub-manifold and

M, ={x€[0,1]% :inf{|x — y|l2: y € M} < p}, p€(0,1).
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Learning Guarantee with low-dim data

Assumption

The predictor X is supported on M, a p-neighborhood of M C [0,1]%, where M is a compact
dq-dimensional Riemannian sub-manifold and

M, ={x€[0,1]% :inf{|x — y|l2: y € M} < p}, p€(0,1).

Peaks Datasets

Figure: An example of data with low-dimensional support.
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Learning Guarantee with low-dim data

Theorem (Non-asymptotic upper bounds with low-dim data)

Suppose the ground truth QY are B-Hélder smooth. For any integers U, M € N, let class of
networks F uniformly bounded by B, has width W = 38(K + 1)(| 8] + 1)2(d;) P11 U log,(8U)

and depth D = 21(| 8] + 1)%(d; )P+ M log,(8M). Then for any § > 0, with prob. at least
1-6

R(fy) :==L(fy) — L(Qy) < Wiﬂ‘” (c\ KSD log(S) log(N) + \/Iog(l/(S))
vV

+ 18(K + 2)B(| 8] + 1)2(d; )IPI+BYD/2(ypmy=28/(0) 1 (K + 2) exp(—B)

for di = O(daqlog(dy/8)/6%) is an integer satisfying daq < d§ < do for any given § € (0,1)
and p < Co(UM)~28/% (8 + 1)2dy(dg )#/2(\/do/dy +1— 6)"}(1 — 8)1F.

@ d, is effective instead of dy where d; < dp.
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Learning Guarantee with low-dim data

Theorem (Non-asymptotic upper bounds with low-dim data)

Suppose the ground truth QY are B-Hélder smooth. For any integers U, M € N, let class of
networks F uniformly bounded by B, has width W = 38(K + 1)(| 8] + 1)2(d;) P11 U log,(8U)

and depth D = 21(| 8] + 1)%(d; )P+ M log,(8M). Then for any § > 0, with prob. at least
1-6

R(fy) :==L(fy) — L(Qy) < Wiﬂ‘” (c\ KSD log(S) log(N) + \/Iog(l/(S))
vV

+ 18(K + 2)B(| 8] + 1)2(d; )IPI+BYD/2(ypmy=28/(0) 1 (K + 2) exp(—B)

for di = O(daqlog(dy/8)/6%) is an integer satisfying daq < d§ < do for any given § € (0,1)
and p < Co(UM)~28/% (8 + 1)2dy(dg )#/2(\/do/dy +1— 6)"}(1 — 8)1F.

@ d, is effective instead of dy where d; < dp.

o Let U=1, M= N%/12(%+29] and B = log(N), then
R(fn) = Op((log N)*N—B/(26+65)),
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Applications

Application to Conditional Average Treatment Effect

There are different types of Ul design for the same APP. How to

personalize the Ul for each user based on their preference.

/ﬁ

Df:)

DD

Double Column Single Column

[ UDUH

Title Only

Figure: An example of uplift modeling
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Applications

Application to Conditional Average Treatment Effect

Problem definition

Given observed features x, we want to estimate conditional average
treatment effect (CATE), 7¢(x) = E[Y*(t) — Y*(0)|X = x], under
different treatment t, where Y*(t) is the potential outcome under

treatment t.
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Application to Conditional Average Treatment Effect

Problem definition

Given observed features x, we want to estimate conditional average
treatment effect (CATE), 7¢(x) = E[Y*(t) — Y*(0)|X = x], under
different treatment t, where Y*(t) is the potential outcome under

treatment t.

Assumption of CATE estimation

(A1) Y = Y*(T).

(A2) T is independent of (Y*(0), Y*(1),..., Y*(M — 1)) given X.
(A3) mo(t|x): = P(T = t|X = x) > 0 for Vx, t.
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Applications

Baselines

Usually, baselines such as TARNET or DragonNet use a share-bottom

architecture to learn response of each treatment with MSE loss function.

T-Towey_;E

5

S lna]

BaseNet

v

R-Towm‘s_.__.-':

Share-bottom Arch

. NGQ-Net
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Applications

Model illustration: DNet

Based on NQ-network, one can implement a DNet.

T-Tower

NCQ
Layer
NCQ
Layer

R-Towers

BaseNet

DNet with R-Tower being our NQ network

@ A BaseNet b(-) = b(+;0p,) that learns a shared representation for all treatments.

@ A R-Tower associated with each individual treatment t, represented by with the
last layer being our proposed non-crossing quantile network.

@ A T-Tower, a simple softmax layer that estimates the propensity vector,

. NGQ-Net 5



Model training: DNet

@ For the R-Tower's, we consider quantile Huber loss or check loss /., :

(R0 10),9) = 2 S0 by — @2 (b, 1),

where g5, (b(x), t) is the kth qauntile output of R(b(x). t;0,) under treatment t.

. NGQ-Net T



Model training: DNet

@ For the R-Tower's, we consider quantile Huber loss or check loss /., :

K
1
21 )= Dy = g (b(x), 1)),
k=1
where g5, (b(x), t) is the kth gauntile output of under treatment t.
@ For the T-Tower's, we consider the cross entropy loss
1 M=l
Lee(m(b(X); 0x),t) = v ; ) log( ), 2)
where t = (t©@,t® . +M=D)T is the one-hot vector of treatment, and
is the

predicted score.

. NGQ-Net T



Model training: DNet

@ For the R-Tower's, we consider quantile Huber loss or check loss /., :

K
1
lq( )= D by — @ (b(x), 1)),
k=1
where g5, (b(x), t) is the kth gauntile output of under treatment t.
@ For the T-Tower's, we consider the cross entropy loss
1 M=l
Lee(m(b(X); 0x),t) = v ; £ log( ), 2)
where t = (t©@,t® . +M=D)T is the one-hot vector of treatment, and
is the
predicted score.
@ The final loss of DNet for on sample {(xi, t;, i)}, is given by
Ln(b,R,) Zz ( 2 Yi) + whee( i),
where w is a weight parameter that balances the two loss components.
. NGQ-Net T



Applications

Learning Guarantee: Assumption

@ Define the target function of the BaseNet, R-Tower and the T-Tower to be by, Ry
and 7o respectively, which satisfy

(bO, Ro, 770) =arg (br?‘?l,gr) ﬁ(b7 R, ﬂ-)'
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Applications

Learning Guarantee: Assumption

@ Define the target function of the BaseNet, R-Tower and the T-Tower to be by, Ry
and 7o respectively, which satisfy

(bO, Ro, 770) =arg (br?‘?l,gr) ﬁ(b7 R, ﬂ-)'

@ Let by,Ry and #y denote the empirical risk minimizer of the empirical loss, i.e.,

(BN,:‘%NJAFN) = arg [,N(b, R,7r).

min
beFp,REFR,TEF 1
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Applications

Learning Guarantee: Assumption

@ Define the target function of the BaseNet, R-Tower and the T-Tower to be by, Ry
and 7o respectively, which satisfy

(bO, Ro, 770) =arg (br?‘?l,gr) ﬁ(b7 R, ﬂ-)'

@ Let by,Ry and #y denote the empirical risk minimizer of the empirical loss, i.e.,

(BN,:‘%NJAFN) = arg L‘,N(b, R,7r).

min
beFp,REFR,TEF 1

Assumption

(C1) : The domain of the input of by is X = [0, l]d. The probability distribution of X is
absolutely continuous w.r.t the Lebesgue measure.
(C2) : The target by is Bp-Hélder smooth with constant By.

(C3) : The target Ry is Br-Holder smooth with constant Brg.

(C4) : The target mo is Br-Hélder smooth with constant B.
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Applications

Learning Guarantee

Theorem (Non-asymptotic Upper bounds)

For any integers Ny, My, Ng, Mg and N, M., let widths and depths in Fy, Fr, Fr be
W = 38(18b] + 1)2d1dt?1 N, log, (8N), Dy = 21((Bs) + 1)2dL72 T M, log, (8Ms),
Wk = 38(|8r] + 1)2Kd{ "%/ " Ng log, (8Ng), Dk = 21(| 8] + 1)2dL %" Mg log, (8 M),

Wr = 38(|Bx] + 1)2MdL?™ TNy log, (8N ), Do = 21(| B | + 1)2d ™1 T My log, (8Msr),
thenA forAany 6 >0, with p[obability at least1 —§
R(bn, Rn, n) = L(bn, Ry, 7n) — L(bo, Ro, 7o)

< 6Br{(Sp + Sr)(Db + Dr)(do + 1) log(N max{W,, Wg})}/2N—1/2

+ 6w (log(M) + 2B ){(Sp + S )(Dp + D) do log(N max{Ws, Wx })}1/2N~1/2
+ 6(w(log(M) + 2Bx) + Bg){log(4 max{M, K}/6)}*/2(2N)~1/2

+18Bg(|Br) + 1)2d PRITHIRYD/2 (g pg) =26r/

+ 18wB(|Br ] + 1)2dlbf:*7rj+1+(Bﬂv1)/2(,\/7r Mﬂ)fzﬁ,r/d1

+18(Br + wBx)Bo(| 8] + 1)2dg o T VI2 () 206/,

v

where dy and d; is the dimension of the input and output respectively of neural networks in F,.
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Applications

Learning Guarantee
Corollary

Suppose the conditions in previous Theorem hold and (3, /dy < min{r/d, }. Let

Np = Ng = N = 1, and M = N9/[2(do+28p)l M = No/R2(d1428R) g, = N /[2(di+267)]
Then then for any § > 0, with probability at least 1 — 6,

R(bu, R, ) < CollBr + w(log(M) + 2B;)](log N)? N~/ (2P +co)
+ 6(w(log(M) + 2Bx) + Bg){log(4 max{M, K}/8)}'/>(2N)~1/2,
where Cy > 0 is a constant depending only on By, Br, Br, do, d1, M and K. Simply

R(bw, Ry, #n) = Op((log N)3 NP/ (Bstdo)y.

@ dp, di are the dimension of the covariate and embedded features, 35, Br, O~ are the
smoothness of the targets bp, Ry and 7.
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Learning Guarantee
Corollary
Suppose the conditions in previous Theorem hold and (3, /dy < min{r/d, }. Let

Np = Ng = N = 1, and M = N9/[2(do+28p)l M = No/R2(d1428R) g, = N /[2(di+267)]
Then then for any § > 0, with probability at least 1 — 6,

R(bu, R, ) < CollBr + w(log(M) + 2B;)](log N)? N~/ (2P +co)
+ 6(w(log(M) + 2Bx) + Bg){log(4 max{M, K}/8)}'/>(2N)~1/2,
where Cy > 0 is a constant depending only on By, Br, Br, do, d1, M and K. Simply

R(bw, Ry, #n) = Op((log N)3 NP/ (Bstdo)y.

@ dp, di are the dimension of the covariate and embedded features, 35, Br, O~ are the
smoothness of the targets bp, Ry and 7.
@ Assumed Sp/do < min{r/d1,

} as in practice dp is usually large and d:
extracted features is relatively small.
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Applications

Learning Guarantee
Corollary
Suppose the conditions in previous Theorem hold and (3, /dy < min{r/d, }. Let

Np = Ng = N = 1, and M = N9/[2(do+28p)l M = No/R2(d1428R) g, = N /[2(di+267)]
Then then for any § > 0, with probability at least 1 — 6,

R(b, Ru, %) < ColBr + w(log(M) + 2Bx)](log N)* N~/ (27 0)
+6(w(log(M) + 2Bx) + Br){log(4 max{M, K}/5)}*/>(2N)~*/2,

where Cy > 0 is a constant depending only on By, Br, Br, do, d1, M and K. Simply

R(bw, Ry, #n) = Op((log N)3 NP/ (Bstdo)y.

@ dp, di are the dimension of the covariate and embedded features, 35, Br, O~ are the
smoothness of the targets bp, Ry and 7.

@ Assumed Sp/do < min{r/d1,
extracted features is relatively small.

} as in practice dp is usually large and d:

@ Generally, the rate is Op( N~ ™A/ (28b5do). i/ (205,
ratios Bp/do, Br/d1, and B /di.
e NQNet

1) depends on
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Applications

Implementation Variants

There are some variants of DNet implementations used to accommodate
some real-world tasks.

o ZI-DNet

@ Involving an auxiliary task for
predicting whether the outcome
is zero to predict response from
a zero-inflated heavy-tailed
distribution.

@ Mono-DNet

@ We propose a monotonic DNet
(Mono-DNet) by imposing the
monotonic treatment constraint
during the training phase.
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Semi-synthetic Datasets

IHDP ACIC
\/€PEHE,, \/€PEHE 5t \/€PEHE,, \/€PEHE..:
TARNET 0.88 0.95 4.35 4.69
CFR Wass 0.71 0.76 3.10 3.42
CFR MMD 0.73 0.77 3.08 3.38
DragonNet 0.68 0.77 4.04 4.35
DNet 0.49+0.02 | 0.56+0.03 | 1.87+ 0.18 | 2.34+ 0.15

Table: Performance summary of IHDP (Infant Health and Development Program)
and ACIC (2019 Atlantic Causal Inference Conference competition. in stands for
train and validation datasets while out stands for test set. PEHE denotes the
Precision in Estimation of Heterogeneous Effect (PEHE) as the evaluation metric.
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Real Data

To evaluate the effectiveness of the proposed DNet architecture in
real-world scenarios, we conduct online randomized controlled experiments
and collect two datasets from a leading technology company.

2.00:
I Ads
1.75-
1.50-
2125
£1.00
[
00.75-
0.50-

0.25-

000h0 05 1.0 15 20 25

Value to advertisers

(A) Ads.

Figure: Histograms of outcomes in Ads/Search datasets. .

NQ-Net
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. | | | | |
50 100 150 200 250 300
Search count
(B) Search.
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Real Data:DNet

Ads Search
TARNET 0.53+ 0.03 | 1.12+ 0.05
CFR Wass | 0.484+ 0.05 | 0.894 0.04
CFR MMD | 0.494 0.03 | 0.87 = 0.03
DragonNet | 0.56+ 0.03 | 1.13+ 0.05
DNet 0.59+0.02 | 1.16+0.04

NQ-Net

Table: Average AUUC of all treatments for Ads and Search datasets.
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Real Data:Mono-DNet

T=1|T=2| T=3 | T=4 | Mean
DNet 0.53 | 0.58 | 0.68 | 0.58 | 0.59
Mono-DNet | 0.70 | 0.70 | 0.84 | 0.79 | 0.76

Table: The Areas Under Uplift Curve (AUUC) of DNet and Monotonic-DNet
models on value to advertiser in the ads dataset.

NQ-Net
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Applications

Real Data:ZI-DNet

T=1|T=2|T=3 | T=4
DNet 0.84 | 1.02 | 0.96 | 1.05
ZI-DNet | 0.90 | 1.12 | 1.04 | 1.11

T=5|T=6 | T=7 | T=8 | Mean
DNet 1.33 1213|096 | 098 | 1.16
ZI-DNet | 1.52 | 2.26 | 1.13 | 0.96 | 1.26

Table: AUUCs of DNet and ZI-DNet models on search counts in the search

dataset.

NQ-Net
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Applications

Ablation Study

—— #Quantile=200

rooted PEHE
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Figure: Validation PEHE
versus training epochs.
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Applications

Online Deployment

@ In the rewarded ads example, the optimal policy based on DNet
architecture was able to achieve 2.8% significant increases in value to
advertisers,

@ In the search example, ZI-DNet was able to improve the number of
search counts by more than 13%.

@ Additionally, the DNet model has been adopted by the monetization
department to improve user experience, resulting in a significant 0.1%
increase in user activity.
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Applications

Application to Distributional Reinforcement Learning

NC-QR-DQN Q-value + Bonus

— [ value
o || — ot jumn Bons
v
=
=
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QR-DQN Q-value + Bonus
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Figure: An Atari example to show how the crossing issue may affect
the exploration efficiency.
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Applications

Application to Distributional Reinforcement Learning

Given a Markov decision process (MDP) with (X, A, R, P,~),

@ X and A are state and action spaces
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Applications

Application to Distributional Reinforcement Learning
Given a Markov decision process (MDP) with (X, A, R, P,~),

@ X and A are state and action spaces

@ R is the r.v. reward function and v € [0, 1) is the discount factor
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Applications

Application to Distributional Reinforcement Learning

Given a Markov decision process (MDP) with (X, A, R, P,~),
@ X and A are state and action spaces
@ R is the r.v. reward function and v € [0, 1) is the discount factor

@ P(x'| x,a) is the transition probability

. NQ-Net D



Applications

Application to Distributional Reinforcement Learning

Given a Markov decision process (MDP) with (X, A, R, P,~),
@ X and A are state and action spaces
@ R is the r.v. reward function and v € [0, 1) is the discount factor
@ P(x'| x,a) is the transition probability
°

A policy (- | x) maps each state x € X’ to a distribution over A.
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Applications

Application to Distributional Reinforcement Learning

Given a Markov decision process (MDP) with (X, A, R, P,~),
@ X and A are state and action spaces
@ R is the r.v. reward function and v € [0, 1) is the discount factor
@ P(x'| x,a) is the transition probability
@ A policy (- | x) maps each state x € X to a distribution over A.
@ For a fixed 7, the return is a r.v. of the sum of discounted rewards observed along
one trajectory of states while following 7.

ZW = i’tht.
t=0
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Applications

Application to Distributional Reinforcement Learning

Given a Markov decision process (MDP) with (X, A, R, P,~),
@ X and A are state and action spaces
@ R is the r.v. reward function and v € [0, 1) is the discount factor
@ P(x'| x,a) is the transition probability
@ A policy (- | x) maps each state x € X to a distribution over A.
@ For a fixed 7, the return is a r.v. of the sum of discounted rewards observed along
one trajectory of states while following 7.

ZW = i’tht.
t=0

Problem definition

We want to estimate the distribution of Z™ as well as get an optimal one
Z™ in the sense that EZ™ > EZ™ for any .
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Algorithm

Algorithm 1 Distributional RL with fitted NC Iteration

Require: MDP (X, A, P, R,~), sampling distribution o, # samples N, # quantile levels
K, # iterations M, NC networks F, the initial estimator Z(® = (Zl(o), .. .7Z,(<0)).
for iteration m=0to M — 1 do
Sample i.i.d. observations {(xi, ai, ri, X/ ) }ie[n)-
Compute (TZk(m)),- =r+ WZ,Em)(x', a') where ' = arg maxaea S8, Z} Z\M(x', a)
Update the estimation

N
ZmY  arg mln 1 Z

i=1

Mx

ip (TZ(m ka(x,-,a,-)),

1 j=1

»
|

end for
Define policy T as the greedy policy with respect to Q™
Output: An estimator Z(™ of Z* and the policy mpm
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Learning Guarantee: Assumptions

@ Modify NQ networks F for the value distribution estimation of distribution RL:

.F,(VRL):{f:XXA—)R:f(~,a)E}'N for any a € A}. 3)
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Learning Guarantee: Assumptions

@ Modify NQ networks F for the value distribution estimation of distribution RL:

.F,(VRL):{f:XXA—)R:f(~,a)E}'N for any a € A}. 3)

Assumption (Approximation efficiency characterization)
For any f € f,(vRL) and any a,a’ € A, the function R;(-,a) + ~f(-,a’) is B-Hélder smooth with

constant B, where R (x, a) denotes the T-th conditional quantile of the reward given the state x
and action a.
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Learning Guarantee: Assumptions

@ Modify NQ networks F for the value distribution estimation of distribution RL:

.F,(VRL):{f:XXA—)R:f(~,a)E}'N for any a € A}. 3)

Assumption (Approximation efficiency characterization)
For any f € f,(vRL) and any a,a’ € A, the function R;(-,a) + ~f(-,a’) is B-Hélder smooth with
constant B, where R (x, a) denotes the T-th conditional quantile of the reward given the state x

and action a. )

Assumption (Self-calibration)

There exist constants C > 0 and ¢ > 0 such that for any |6)| < C and m=0,...,M —1,
1P 21, (T ZE) 2 (x 4 6, 3)) = P gy, (T Z0) 2 (x))] 2 eldl,

for all 7 € (0,1) and x € X,a € A up to a negligible set, where PTZ('">|x,a(’) denotes the

conditional distribution function of TZ(™) given x and a and (TZ(™), denotes the T
conditional quantile given x and a.
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Applications

Learning Guarantee

Theorem

Let {Z("’) ﬂzo be the iterates in Algorithm 1 using NQ networks ]-—,(VRL). Let the width and
depth for networks be W = 114(| 8] + l%z(K + 1)(do) P+ and depth

D = 21(| 8] + 1)%(do) LA 1 N0/ [2(do+25)] |og, (8 N/ [2(do+28)) and bound B = log(N) where N
is the sample size. Denote Z™™ by the action-value distribution w.r.t the greedy policy my from
ZM) " Then

3
< 2c- CM,U,//«(K + 2) v \.A\(Iog N)4Nfﬁ/(2ﬁ+d0) + 4

EZ™ _EZ* A Rom, (4
: O R @ @

where ¢, - > 0 is a constant that only depends on the prob. dist. |1 and sampling dist. o and

c > 0 is a universal constant.

@ Prediction error: the sum of estimation error and
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Learning Guarantee

Theorem

Let {Z("’) ﬂzo be the iterates in Algorithm 1 using NQ networks ]-—,(VRL). Let the width and
depth for networks be W = 114(| 8] + l%z(K + 1)(do) P+ and depth

D = 21(|B] + 1)2(do) P! +1 Ndo/ (20 +25)] og, (8N%/[2(d0+25)]) and bound B = log(N) where N
is the sample size. Denote Z™ by the action-value distribution w.r.t the greedy policy my from
ZM) " Then

3
< 2c- CM,U,//«(K + 2) v \.A\(Iog N)4Nfﬁ/(2ﬁ+d0) + 4

EZ™ _EZ* A Rom, (4
: O R @ @

where ¢, - > 0 is a constant that only depends on the prob. dist. |1 and sampling dist. o and

c > 0 is a universal constant.

@ Prediction error: the sum of estimation error and

) converges to zero linearly in # iterations /V/. Estimation error dominates

when iterations / > Cllog |A|~1 + (8/(28 + do)) log(N)]
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where ¢, - > 0 is a constant that only depends on the prob. dist. |1 and sampling dist. o and
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@ Prediction error: the sum of estimation error and
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Applications

Learning Guarantee

Theorem

Let {Z("’) ﬂzo be the iterates in Algorithm 1 using NQ networks ]-—,(VRL). Let the width and
depth for networks be W = 114(| 8] + 1)2(K 4 1)(do) P!+ and depth

D = 21(|B] + 1)2(do) P! +1 Ndo/ (20 +25)] og, (8N%/[2(d0+25)]) and bound B = log(N) where N

is the sample size. Denote Z™ by the action-value distribution w.r.t the greedy policy my from
ZM) " Then

3
< 2c- CM,U,//«(K + 2) v \A\(IOg N)4Nfﬁ/(2ﬁ+d0) + 4

EZ™ _EZ* A Rom, (4
: O R @ @

where ¢, - > 0 is a constant that only depends on the prob. dist. |1 and sampling dist. o and

c > 0 is a universal constant.

@ Prediction error: the sum of estimation error and

) converges to zero linearly in # iterations /V/. Estimation error dominates

when iterations / > Cllog |A|~1 + (8/(28 + do)) log(N)]

@ Then prediction error has rate |A|N—F/(26+d) which is linearly in the cardinality |.A|
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Application to Distributional Reinforcement Learning
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Figure: Performance comparison with QR-DQN. Each

training curve is averaged by seeds.
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Conclusion

Conclusion

@ Non-crossing Quantile regression network.
o Delta layer with ELU activation for non-negative outputs
e Learning guarantees, faster rate with low-dim structured data
@ Applications to Conditional Average Treatment Effect
© Extension to DNet, a robust non-crossing NN architecture for quantile

ITE estimation with heavy-tailed outcomes.
@ Two variants of DNet that lead to improved AUUC scores in real-world

applications.
@ Applications to Distributional Reinforcement Learning

@ Making use of global information to ensure the batch-based
monotonicity of the learned quantile function based on NQ network.
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